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Abstract

This paper questions whether it is possible to derive consistency and
asymptotic normality of the Gaussian quasi-maximum likelihood estima-
tor (QMLE) for possibly the simplest VEC-GARCH model, namely the
multivariate ARCH(1) model of the BEKK form, under weak moment
conditions similar to the univariate case. In contrast to the univariate
specification, we show that the expectation of the loglikelihood function
is unbounded, away from the true parameter value, if (and only if) the
observable has unbounded second moment. Despite this non-standard
feature, consistency of the Gaussian QMLE is still warranted. The same
moment condition proves to be necessary and sufficient for the stationarity
of the score, when evaluated at the true parameter value. This explains
why high moment conditions, typically bounded sixth moment and above,
have been used hitherto in the literature to establish the asymptotic nor-
mality of the QMLE in the multivariate framework.

1 Introduction

Whereas the probabilistic and statistical theory of univariate GARCH models
can be considered firmly established, there are still many open problems for
multivariate GARCH (MGARCH) models. In the univariate framework, nec-
essary and sufficient conditions for strict stationarity have been established by
Nelson (1990) and Bougerol and Picard (1992a,b). On the other hand, in a
multivariate framework only sufficient conditions are known; see, for example,
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Boussama et al. (2011). Berkes et al. (2003) derived consistency and asymptotic
normality of the Gaussian QMLE for univariate GARCH(p, ¢) processes under
mild conditions, extending the GARCH(1, 1) results of Lumsdaine (1996) and
Lee and Hansen (1994). In particular, their results imply that the existence
of the second moment of the observed variable, typically a financial return, is
not required. Francq and Zakoian (2004) and Robinson and Zaffaroni (2006)
obtained the same results, the former assuming slightly weaker conditions, the
latter considering a more general model. Jensen and Rahbek (2004a,b) showed
that the parameters of the ARCH(1) and GARCH(1,1) models, with a known
intercept, can be consistently estimated and exhibits a conventional Gaussian
asymptotic distribution with a standard rate of convergence, even if the pa-
rameters are outside the strict stationarity region. From a theoretical point of
view, these results show that the presence of a unit, and even explosive, root
in the autoregressive equation does not imply a knife-edge result on the asymp-
totic distribution of the QMLE. From an empirical point of view, conditions
requiring only the existence of low order (fractional) moments of the observed
variable are more likely met by financial time series, characterized by a fat-tail
distribution.

Let us now turn back to the multivariate framework. When several times
series displaying temporal or contemporaneous dependencies are under investi-
gation, it is important to analyze them in a multivariate framework. In particu-
lar, understanding the co-movements of financial returns is of great importance,
for example, for asset pricing, risk management, and asset allocation. How-
ever, unlike ARMA models, the GARCH model specification does not suggest
a natural extension to the multivariate framework (Francq and Zakoian, 2010a,
Chapter 11). Two recent surveys by Bauwens et al. (2006) and Silvennoinen and
Terasvirta (2008) offer a comprehensive review of the most common MGARCH
models. Since these models may differ substantially from each other, there is
no general result covering all MGARCH models. Most of the results in the
literature are valid only for particular models; see Francq and Zakoian (2010a),
Section 11.5. for a complete and updated bibliography. For instance, Hafner
and Preminger (2009a) and Francq and Zakoian (2010b) derived asymptotic
normality of the QMLE estimator for a full factor GARCH model and the CCC
(constant conditional correlation) GARCH model of Bollerslev (1990) respec-
tively, under conditions that do not involve the existence of the second-order
moment of the observable process. However, for the general MGARCH model
known as the VEC-GARCH model, which was introduced by Bollerslev et al.
(1988), the more general results are by Comte and Lieberman (2003) and Hafner
and Preminger (2009b) who showed asymptotic normality of the QMLE assum-
ing the eighth and sixth moment, respectively, of the observable process. Bardet
and Wintenberger (2009) provide asymptotic results for the QMLE of a class of
multidimensional causal processes that include multivariate ARCH(1) processes
as a special case. Aymptotic normality is obtained assuming that the fourth
moment of the observable variables is bounded, among other less primitive con-
ditions (Bardet and Wintenberger, 2009, Sec. 4.3).



It is worth recalling that the VEC-GARCH model can be viewed as the most
direct generalization of the univariate GARCH. Moreover, this model is very
general, and it contains as important special case the BEKK model by Engle
and Kroner (1995). The main advantage of the BEKK specification is that it
automatically ensures that the conditional covariance matrices are almost surely
positive definite. The relation between the VEC and the BEKK parametrization
is analyzed by Stelzer (2008). Given the discrepancy between the strength of
the regularity conditions employed to derive the asymptotics of the Gaussian
QMLE in the univariate and multivariate case, it is natural to ask whether this
discrepancy is due to some fundamental difference or just because of technical
difficulties that have not been solved so far. To analyze this question we shall
consider one of the simplest models (see Equation (1)) contained in the VEC-
GARCH model.

The core results of the paper are the following. First, for the MGARCH
model under consideration, we show that there are parameters for which the
Gaussian loglikelihood function has unbounded mean if and only if the observ-
able has an unbounded second moment. This holds under a rather weak set of
conditions. Roughly speaking it excludes that the observable vector has a sin-
gular distribution and that the parameter space is too small. Instead, the mean
is finite at the true parameter value under an extremely mild moment condition.
This non standard behavior does not preclude and in fact, if any, facilitates the
proof for consistency of the Gaussian QMLE. Second, we establish that bound-
edness of the second moment of the observable is also necessary and sufficient
for boundedness of the variance matrix of the score function. Thus, when the
second moment is unbounded, one of the major steps in proving asymptotic
normality of the QMLE is ruled out. This shows that, although the moment
conditions imposed in the literature might be stronger than necessary, certainly
asymptotic normality of the Gaussian QMLE cannot be established simply as-
suming a mild fractional moment condition of the observable, as occurring in
the univariate case.

The rest of the article is organized as follows. In Section 2 we briefly recall
the model we shall study, introduce some notation and assumptions. Section 3
investigates the behavior of the expectation of the likelihood function paying
particular attention to the behavior of the expectation of the likelihood function
if the observable variables do not have a finite second moment. The ideas we use
to show this behavior will also be the basis for proving that the second moments
of the observable variables are necessary to ensure that the score function has
a finite variance, as illustrated in Section 4. In the Appendix we give some
auxiliary results that are used in the proofs.

2 Model, notation and assumptions

We denote the set of real p x p real matrices by M,, the linear subspace of
symmetric matrices by S,, the cone of positive semidefinite matrices by S; and
its interior (positive definite matrices) by S}. For B € M,, we denote by tr(B)



and B’ the trace and the transpose of B, respectively; det(B) is the determinant
and B~! the inverse of B. The scalar \;(B) is the ith eigenvalue of the matrix B,
Amin and Apax denote the minimum and the maximum eigenvalue, respectively.
The selection vector e§” ) is defined as the ith column of the identity matrix I,
The vec(+) operator stacks columns of a matrix one under another in a single
column; the vech(:) of B € S, does the same thing but starting each column at
its diagonal elements. We use the notation E[-] and || - || for the expectation and
the Euclidean norm, respectively. We denote by < almost sure convergence.
For a random variable X we denote by X its positive part, and by X~ its
negative part. As usual, we say that E[X] is defined if either E[X ] or E[X 7]
is finite. If both are finite, we say that E[X] exists.

Let {X:}icz be a sequence of random vectors with values in R™ and let
F—1 be the o-field generated by past X/s, i.e. Fi_1 :={Xt_1,X¢2,...}. We
assume that

X =H*(00)er, te,

where {e;}iez, €+ € R™, is a sequence of unobservable and real-valued random
vectors and the conditional variance-covariance matrix H;(6y) evolves according
to the equation

Hy(6p) = Co + Ao Xe—1X,_, Ay, (1)

with Cy € S}, Ag € M,,. The true, but unknown v-dimensional vector 6y on
the left-hand side of model (1), is given by
o = (vech(Cp)’, vec(Ap)"),

where v = m(3m + 1)/2. Without loss of generality, Htl/z(ﬁo) is chosen to be
symmetric and positive definite; the choice is then unique by Theorem 7.2.6. in
Horn and Johnson (1985). Under the standard assumptions (cf. Assumption 2.1
below) it follows that Hy(fp) is the conditional covariance matrix of X; given
F4_1, that is

E[X¢|Fi1] =0,  E[X¢X{|Fi1] = Hi (o).

The normal density based quasi-maximum likelihood estimator 0, is defined as

minimizing
2,(0) = 5> 00), 2)
t=2
with
0:(0) = X/H, ' (6)X, + log (det (H,(9))). (3)

Minimization is with respect to the set of matrices with elements
Hy(6) = C(0) + A0)Xi_1 X{_, A'(6),

where C(0) € S}, and A(f) € M,,. The parameter § and the matrices C(6)
and A(#) are related by 6 := (vech(C)’, vec(A)’)’. The main advantage of model



(1) is that the inverse of H.(0) is easy to compute using the Sherman-Morrison-
Woodbury formula (Harville, 1997, Corollary 18.2.10.):

C(0) TA(0) X1 Xy, A(0)C(0) !

H7'0)=0C0)" - 1+ X, A(0)CO) A0 X,

In the original paper of Engle and Kroner (1995) the constant matrix we denoted
Cy is the product of a lower triangular matrix and its transpose. This, of course,
ensures positive definiteness. Moreover, this parametrization has advantages for
estimation but it is not necessary from a theoretical point of view and it is less
convenient in terms of notation.

At several places later on we need one or more of the following assumptions.
Because we are only interested in the expectation of the likelihood function
and the variance of the score, we do not state our assumptions for the whole
sequence {X;} and do not incorporate conditions like stationarity, necessary to
prove consistency and asymptotic normality.

Assumption 2.1  (a) &; has zero mean and identity variance-covariance ma-
trix.

(b) E[||Xi—1]|*] < oo for some s € (0,1).

(c) ©® C RY is a compact set, the parametrization is canonical so that C(0)
and A(0) are continuous functions of 6, and for all € ©: C(0) € Sk,.

(d) For 0 # 0y if E[€:(0)] < oo, we have
H,(0)H; ' (60) #1 a.s.
(e) The components of €, are independent and Eel, = pg < oo for all i =
1,....,m.
(f) The vector €, is independent of F_1.

Assumption 2.1 (e) is used in the proof of Theorem 4.1. However it could be
weakened by assuming that the fourth moment of €;; equals g4, 2 =1,...,m.

Remark 2.2 Identification of model (1) has been assumed in Assumption 2.1.(d)
for sake of simplicity. We will show that the aforementioned condition is fulfilled
by the model imposing further assumptions. Assume that (i) a given (i,7) entry
of the matriz A(0) is restricted to be positive for every 0 € © and (i1) {e ez is
a non-degenerate and i.i.d. (independent and identically distributed) sequence.
We need to prove that for a fized t, Hi(0) = H¢(0y) Py, — a.s. implies that
0 = 0y. Suppose that for some 0 # 0y, Hi(0) = Hi(0o) Py, — a.s. It implies that

AthlthflA/ - A()thlXéflAg == CCI - C()C(/)
or equivalently, taking the vec transformation,

By vec(ey—16,_1) = d, (4)



with

B, = [(AHtlﬁ(%) ® AHt11?(90)> - (AoHtlg(%) ® AoH;ﬁ(QO))}
d = wec(C) — vec(Cy).

Let Bf be the Moore-Penrose inverse of By. Equation (4) implies either
By vec(ey—1€},_1) = B;B/d (5)

or
Bi=d=0 (6)

FEquality (5) implies that vec(ei—1€}_1) is a function e4_o,&1—3,...€1. This is
impossible by (ii). Assumption (i) rules out the case A = —Ay, so that (6) is
satisfied if and only if @ = 6y, which proves the statement. Restrictions similar to
(1) are used by Engle and Kroner (1995) (see their Proposition 2.1) to exclude
equivalent representations. Assumption (ii) is standard in the literature and
clearly implies (f).

3 The expectation of the likelihood function

We start by analyzing the expectation of the likelihood function. The first three
parts of the next theorem show that the expectation of the likelihood function
has all the properties necessary to show consistency along the lines of Francq and
Zakoian (2004) (see our Remark 3.4). Anyhow, the fourth and the fifth part of
it demonstrate already that the second moments of the observable variables play
an important role in a multivariate framework. Moreover, as mentioned in the
introduction, part four and five of the following theorem indicate that there is a
fundamental difference between the univariate and the multivariate framework.
To see this, recall that for a univariate GARCH process the expectation of the
likelihood function is finite at every 6 in a compact parameter space © that
rules out zero coefficients; see, for instance the proof of Lemma 5.4 in Berkes
et al. (2003).

Theorem 3.1 (i) Under Assumption 2.1 part (c¢) we have
inf 4,(0 -
E[;g@ i )] > —o0,
implying that E [€:(0)] is defined for all 6 € ©.
(i) If part (a) and (b) of Assumption 2.1 hold true, we have

E [[€:(00)[] < oo

(ii2) If part (a), (b), (d) and (f) of Assumption 2.1 hold true, then whenever
0 # 6
E[€:(0)] > E[6:(00)] -



(iv) If part (c) of Assumption 2.1 holds true and if we assume that E [[| X,||*] <
00, then we indeed have that sup E | €¢(0) |] < oo.
0€©

(v) Assume part (a) and (f) of Assumption 2.1 and that E [||X¢||?] = oo,
and additionally that for some 6 € © we have that A(f)x and A(fy)z are
linearly independent Vx # 0. Then E [¢;(8)] = oc.

Proof (i) From the definition of ¢; (see Equation (3)) we have for every w € Q
: > i '
Jnf £,(6) > inf log [det (H:(6))]

where ) denotes the sample space and where we suppressed the dependence on
w. Moreover,

det (C’(G) + A(G)Xt_l(w)Xg_l(w)A'(H)) > det (C(0)), VYwe.
The inequality follows from the fact that
M(A+B)>Ne(B), k=1,2,...,p, A€S, BES! (7)

(Liitkepohl, 1996, Sec. 5.3.2, Result (4)). Hence,
. S
E [9125 ft(ﬁ)] > elg(g log (det(C(0))) > K,
where K > —oo by Assumption 2.1, part (c).

(ii) Similar as in part (i) one sees that there is a uniform lower bound on
¢, (0y). Tt only remains to prove that E[(] (6p)] < oo. Since the first part
of the right-hand side in Equation (3) equals eje; for 6y we need only to
show that K [log® (det (Hy(6p)))] < oo. Using det (Hy(6o)) < [Ti%; hii,e(6o)
(cf. Liitkepohl (1996), Sec. 5.3.1, Result (7)), it is thus sufficient to prove that
E [log™ (hsi+(00))] < co. Here hy;¢(6p) denote the diagonal elements of Hy(6).

Taking into account that h;; (6p) = egm)/C’oegm) + (egm)/AoXt_l)Q , we obtain

E [10g+(hii,t(9()))] =K [IOg( ii t(90 ﬂ{h” t(90)>1}]

2 my - (m 5
=F glog (( )C 6( )+ ( (m )AOXt 1 ) ﬂ{hii,t(90)>1}‘|

<E|; ( ™ Coel +tr< ™ Ao Xy 1 Xy Agel™ ))2 l{hii,two)zl}}

"o o o 5
<E | (" Coel )>2ﬂ{h“~t<"°>>1}]

2 (m), / 1 _(m) z
+E|Str(e" X1 X Agey Lhisi 000213

< Ky +E[ (A' (m) g Ao) tr (X1 X[ 1)2}

<Ky + K E[|[Xe-1]]7] -



The first inequality uses log(z) < z for any x > 0, the second make use of
Loeve’s ¢, inequality, and the third uses that

tr(AB) <tr(A)tr(B), A,BeS] (8)

(Abadir and Magnus, 2005, Exercise 12.14 (a)) and tr(AB) = tr(BA) (Liitkepohl,
1996, Sec. 4.1.1, Result (8)).

(iii) If E [¢:(0)] = oo the result is obvious from the finiteness of E [¢:(6p)].
Otherwise

E[4:(0)] — E[£:(00)]

— Ele}(H7 (00)H;™ (0)HP (80) — T)e.] + Ellog(det (H, () H; (6p)))]

— Eltr((HZ (60)H; () H7 (60) — I)e12))] — Ellog(det(HZ (60) Hy  (0)H, (65)))]

1 1
2 2

= & [tr (2 (00) H(0)HE (00)) — m — log (det(H7 (60)H; ™ (0)HF (60)) )| >0,

because logdet(A) < tr(A) —n for any matrix A € S;E, with equality if and only
if A = 1I, (Liitkepohl, 1996, Sec. 4.1.2, Result (10)).

(iv) We have

sup E[16(60)[] < sup E || X/H, (6)X,|| + sup E [|log [det (B, (0))] ] (9)
0c© 4SS 0c®

We consider the two terms on the right-hand side separately. Using (8) and (7),
the first term can be bounded as follows

E [tr(X{H; ' (0)X:)] < E [tr(H; ' (0)) tr(XeX])] < tr(C(0)) 7 E[|Xe|”]. (10)

For the second term similar as in the proof of part (ii) we find, using condition
(c), for some continuous and positive functions K; : © — R, and K5 : © — R,
and some s’ < 2

E llog(hii, (9))] < K1(6) + Ka(0) E [[|Xo ] (11)

By our assumption E || X;_1]|? < oo and the compactness of © the upper bounds
in (10) and (11) are finite, implying that the right-hand side of (9) is finite as
well.

(v) To abbreviate the notation we let A = A(), C = C(f). We now show that
E [¢] (f)] = co. By the arguments in part (i) we have

GH0) > X HH0)X; — K, 0< K < c0. (12)

Thus it is sufficient to show that E[X/H; (0)X,] = co. First we note that by
part (f) of Assumption 2.1

Nl

E[XH, OX|Fia| = E[w(H}O0)H, O)H @)z Fis
= tr(Hy(60)H; *(0)) .



Next H;(0o)H; *(0) is computed explicitly for a fixed but arbitrary realization
of X; 1. To simplify the notation we suppress the subscript ¢ — 1 and denote
this realization just by x. By the Sherman-Morrison-Woodbury formula applied
to H; (0)

tr(H (60) ™ (9))
1y T ANCT Agr — 2’ ACTICHC T A
=tr(CoC™ ) + Ry oy
(' AYC~t Agzx) (2’ A/C~ T Ax) — (' AyC~ 1 Ax)?
* 1+ 2 A0 Az '
It turns out that (13) and (14) are both non-negative. In fact, regarding (13),
1y T ANCT Agr — 2’ AICTICHC A
(G + L+ /A0 Ax
_tr(CoC™h) +tr(CoC 12’ AC Az + 2/ AYC~H Agw — 2/ A/C~1C Ot Ax
N 1 +2'AC-1Ax
tr(CoCTY) o’ ALC Agx
14 2'ACYAx 1+ 2’ ACAx
tr(CoC V) tr(C~ 1Az’ A') — tr(C~1CoC~t Axa’ A')
- 1+ AC 1Az '
Looking at the three terms after the last equality, the first is larger than 0 and
less than or equal to tr(CoC '), the second term is non-negative since C is
positive definite, and the third term is non-negative, because (8) implies

(13)

(14)

(15)

(16)

tr(C’OCf’*l) tr(C ' Axa’ A') — tr(C1CoC~ A’ A')

= tr(CoC ) tr(C Awa’ &) — e [(C-ECoC~H) (CE Aza'ACH )]
> tr(CoC ) tr(C~ " Awa’ A') — ( %Coé*%) tr (@ﬁgm,g,é,a
=tr(CoC M) tr(C™ Az’ A') — tr (CoC ™) tr (C~ 1 Aza’ A') = 0

Thus, the random variable in (13) is non-negative. Moreover, noting that the

assumption of linear independence between A(fy)x and A(#)x implies that A()
has full rank, Remark 3.2, part (i7) shows that (13) is even bounded.
We now turn to (14). Notice first that (14) is non-negative by the Cauchy-
Schwarz inequality. We next show that there is a constant K > 0 such that

(' AYC~ Agx) (2’ A'C Az) — (' ALC ' Ax)?

K(2'AyC™  Agz) (2’ A'C™ Az),  Va, ||| > 1. (17)

Consider an arbitrary vector « with ||z|| = 1. Then

(2’ AGC ™ Agx) (2’ AC~ 1 Ax) — (2/ AYC~ ' Ax)?
because by our assumption the vectors Agr and Az are linearly independent
Vz # 0, implying that x’AgC_% and 2/ A'C~% are independent Vz # 0. More-
over, by the compactness of the unit sphere

inf [(2/A{Cr Agz) (2’ A'CT  Az) — (2’ A4)C ™' Ax)?] > K, (18)

z, ||z]|=1



where K > 0. To see that this implies (17) for 2 with ||z|| = 1, notice first that
(17) holds with K = 1 if 2’A)C~'Az = 0. Moreover, for all z with ||z|| = 1
and 2’ A)C ! Az # 0 we obtain from the uniform lower bound in (18)

(2’ AYC  Agz) (' A'C~ Az) > K + (2/ A)C~ ' Ax)?

which in turn implies

(2" AYC~ T Agx) (2’ A’C~1 Ax) K -
A S > — 1>K
(' ALC—1 Ax)? SUp,, (|4(|=1 (7" AC~ 1 Ax)? =

with f(l > 1. Hence
K 2" AyC~  Ag) (2 AC~ Az) > (! ALC 1 Ax)?.
It follows that

(' ALC™ Ag) (2’ A'C 1 Ax)

— (2’ ALC ™ Ax)?
> (1 - K Y@@ AyC Y Agx) (o' A

'O~ Ag).

Setting K :=1— K;* > 0, the latter inequality proves (17) for z with ||z|| = 1.
For x with ||z|| > 1 inequality (17) follows now from the fact that « = ||x||ﬁ
Hence, we obtain

E K(XéflAé)C’ilethl)(Xéflgléingtfl)
T+ X ACTAX,
> KKE[X] A C " Ao X a1y x,_y=1y) -

E[X/H ' (0)X:] >

Lyjix, a1}

Here K = inf, | |z1>1 % > 0. We have K > 0 since A has full rank by

assumption and C~! is positive definite. Now the claim follows from the fact
that E[||X¢||?] = oo implies that
E [XéflAé)C(_lAOthl] = o0 (19)

which clearly implies that E [X]_;AjC ' Ao X;—11{x, ,>13] = co. To see
that (19) holds true, the following result (Magnus and Neudecker (1999), p.204)
is useful:

Amin(A) tr(B) < tr(AB) < Amax(A)tr(B), YA€ S,,B e S (20)
Then we have

E [tr(thflABC“leXt,l)] = E [tr(Cf'fleXt,ngflAg)]
)\min(éil) E [tr(AOXt—lXt/—lAé))] .

Y

Because C has full rank this implies (19) if our assumption implies
E [tr(AoX:—1X/_1A})] = co. The latter follows from

E [[IX:)*] = E[tr(Hy)] = tr(Co) + E [tr(Ao X1 X[ 1 Ap)]

10



which finishes the proof. O

Before commenting on the consistency, there are four questions arising im-
mediately from part (v) of the above theorem. Firstly, why can we bound the
expectation of the likelihood at 6y imposing mild moment conditions on X;?
Secondly, why is the expectation of the likelihood function in the univariate
case finite for all § € © if we exclude zero coefficients in # but the second
moment is allowed to be infinite? Thirdly, which terms in ¢;(0) cause the unde-
sirable behavior? Fourthly, can the phenomenon of part (v) of Theorem 3.1 be
excluded if, for instance, A(fy) has reduced rank in which case linear indepen-
dence cannot hold for all x # 07 The first question is easy to answer, because
in part (v) we showed that E[X,H, *()X;] does not exist for some 6 # 6.
Clearly, for 6 = 6, this expectation exists. The second and third questions are
addressed in the next Remark 3.2 part (i) and (ii), respectively, and the fourth
question in Remark 3.3.

Remark 3.2 (i) We showed that the expectation of £,(0) does not exist by prov-
ing that the expectation of the conditional expectation of X|H; '(0)X; does not
exist which in turn followed from the fact that the expectation of (14) does not
exist. In the univariate case for every 6 € © the term (14) does not appear in
the likelihood function. Moreover, in the univariate case the second term in the
conditional expectation of X,H,; *(0)X;, i.e. (13), can be bounded under mild
conditions; see Berkes et al. (2008), Lemma 5.1.

(ii) We have seen in the proof of part (v) of Theorem 3.1 that it is at least
the term (14) that has an undesirable behavior. If A has full rank then this
is the only term with a non-existing expected value. Indeed, the term (18) can
be rewritten in terms of (15) and (16), and both are bounded. Because for the
second term in (15) we find (using the convention 0/0 =0)

/ I =1 /
NG AoXimy VDY, D)
1+ X/ AC1AX, |, — Y)Y,

with D = CY2 A~V AL C~YAgA=1CV/2, Y, = C~Y2AX,_, (see Liitkepohl (1996),
Sec. 5.2.2, Result 2 for the second inequality), and (16) is smaller than tr(CoC~1).
If we allow A to have reduced rank, the expectation of (15) can still be shown to
be finite imposing further restrictions on the density of X;_1. Because

XAMCT AKXy (X A0 A X"

1+ X ACTAX, ., ~ (14X ACTAX, )
(X1 ACT A Xy )"
(X]_JACTAX,q)"

(21)

(22)

with u = 1, v < u, we can apply the results in Roberts (1995) to bound the
expectation of the ratio of the quadratic forms. For instance, assuming that
Xi—1 has an elliptically symmetric distribution, with the 2(u — v)th moments
existing, the expectation of (21) ewists whenever rank(A'C~1A) > 2v. Choosing
v=1/2-3,d € (0,1/2) only the existence of E || X;—_1**2 is required when
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rank(A)=1. Further sets of conditions can be given to ensure that the expectation
of (21) exists; see the theorem in Section 7.2.2. of Roberts (1995).

The first part of the next remark shows that the proof of part (v) of The-
orem 3.1 only needs a slight modification and a very weak assumption on the
distribution of X;_1 to carry over to the case where Ay has reduced rank. The
second and third part of it deal with the modification of the proof of part (v) of
Theorem 3.1 for the case where all the A’s have reduced rank. This shows that
the problem cannot be overcome by simply restricting the parameter space to
matrices A(f) that have reduced rank.

Remark 3.3 (i) If Ag has reduced rank, (17) is not satisfied by the x's lying in
the null space of Ay. In the following, it will be shown that if the distribution of
Xi—1 is not concentrated in a neighborhood of the null space of Ay, (19) remains
true. To make the above arguments more precise, let V = {x € R™|Apz = 0} C
R™ and denote by q the dimension of V. To simplify the exposition we focus on
the case ¢ = 1. Take vy € V with ||v1|| = 1 and denote its polar coordinates by

ey, where ¢ € (0,m),i=1,...,m—2, and ¢,;_; € (0,2m). If we
assume that X; has a density with respect to Lebesque measure denoted by X,
then

/ 921, @) DA™ (@1, )

= /Spm71 Sin"L_Q ¢1 “...-sin d)m—ZQ(t(pa ¢1, ceey ¢)m—1)) d)\m(p7 (rbl? ceey ¢m—1)7
(23)

where g(x1,. .., Tm) = (22 + ...+ 22)fX(21,...,2m), \™ denotes Lebesque
measure on R™, S = (0,00) x (0,m)™~2 x (0,27), and t denotes the canonical
diffeomorphism mapping S onto R™\ H,,, where H,, is the hyperplane defined by
H,, ={z € Rlxym_1 > 0,2, = 0}. If X; does not have a finite second moment,
then both sides in (23) are infinite. Moreover, on the right-hand side in (23) we
can replace integration over S by integration over (0,00) x [0,7]™~2 x [0, 27].
Thus, the right-hand side in (23) is, for € > 0 sufficiently small, equal to

/ g(t(p7 ¢1) ey ¢m—1))pm71 Sinm_Q ¢1 +...-sin ¢m—2 dAm(pa ) ¢1, DR ¢m—1)

e

+ /SC g(t(pa d)la ey (bm—l))/)mil Sinm_2 ¢1 +...-sin ¢m—2 d)‘m(pv ) ¢17 ey ¢m—1)a

€

(24)

where Se = (0,00) X (¢} — €, ¢V +€) x -+ x (¢, —€, 0% | +¢) and S denotes
the complement of S. in (0,00) x [0,7]™~2 x [0,27]. To proceed we make the
following assumption: There is an € > 0 such that the first integral in (24) is
finite.

Then, if Xy does not have a finite second moment the second integral in (24)
must be infinite. Now fix p = 1 and notice that the complement of (¢7* —e, ¢p7* +

€)X (ot —€, vt +e€) in [0,7]™"2x[0,2n] is compact. Assuming that Aoz
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and Az (for some A) are linearly independent for all x of radius p = 1 that are in
the complement of Se1 = ($1* —€, P1*+€) X - X (Pyt_| —€, Pyt +€), we obtain on
Sgl the uniform lower bound (18) by Cauchy-Schwarz inequality. As in Theorem
3.1 part (v) we now obtain inequality (17) which now holds for all x € Sec,pzl’
where Se p>1 = [1,00) x (97" — €, ¢ +€) x -+ x (¢pp 1 — €, dph_1 +¢€)). Here
and in the following x € Sgpzl (or Xi_1 € Sgpzl) means that the polar coor-
dinates of x are in Sgpzl (or that the polar coordinates of X;—1 are in Sgpzl)'
Thus, we obtain (recall that A was assumed to have full rank)

E[XH0)X] >

B |:K(X£1A6é_1A0Xt1)(X£1A/é_1AXt1)

2 KKE [XéflABC‘_lAOthl]]'{thlesgp21}:| .

The claim follows now from the facts that we obtained (19) under the assump-
tions that X; does not have a finite second moment and that C has full rank, and
that (19) implies E {X{_lA6C_'_1A0Xt_1]l{Xesgp>l}] = oo under the assump-
tion that there is an € > 0 such that the first integral in (24) is finite. Indeed,
we have

E [thflAé)Cv_lAOthlH{Xt_lese}]
=FE l:tr(AaéilAOXt—ng—l]]‘{thleSe})]
< /\max(Aé)CtilAO) tr (E [Xt—lxé—l]l{xt—lese}]) < 0.

The first inequality follows from (20). This shows our claim.

(ii) In the proof of part (v) of Theorem 3.1 we assumed that A has full rank to
conclude that K = inf, ||z >1 % > 0. Of course, if the rank of A was
smaller than m, the conclusion would be wrong. However, introducing similar
to part (i) the set V = {x € R™|Ax = 0} C R™, assuming for simplicity that
its dimension is equal to 1 and denoting the polar coordinates of vi € V with
||U1H =1by 71]1’ e 77;111—17 then

- "AICA
K= if —— 2T 5y,
xesC 1+ 2/ AC 1 Ax
where SC - is the complement of Sc p>1 = [1,00) X (7* — €,7}* +€) X -+ x

(Vi — €71 +€). Now (if we assume that Ay has full rank), the restriction
on the distribution becomes

tr (E [Xt—lXLﬂl{Xt_leSf,pzl}}) <

for some € > 0.
(iii) By combining (i) and (ii) one can obviously carry over part (v) of Theorem
3.1 to the case where Ay and all the A’s have reduced rank.

As mentioned above before turning to the variance of the score in the next
section we now briefly discuss consistency of the QMLE.
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Remark 3.4 It is worth pointing out that under Assumptions 2.1 (a)-(d) and
(f), if {X:} is a stationary ergodic process we obtain

O %5 0y as n — oo, (25)

where 0, is a measurable minimizer of £(6). The proof can be carried out
along the lines of the proof of Theorem 5.14 in van der Vaart (1998) by using
the ergodic theorem (Billingsley, 1995, p. 284 and 495) or along the lines of the
proof of Theorem 2.1 in Francq and Zakoian (2004).

4 Variance of the score

The next theorem shows that the variance of the score is infinite if Ay has full
rank and the second moment of X;_ 1 does not exist. The former assumption
can easily be relaxed; see Remark 4.2. Although not essential for the next theo-
rem, it is worth recalling that the expectation of 9¢;(6y)/d6, denoting the score
evaluated at 6 = 6, is equal to zero; see, for example, (Comte and Lieberman,
2003, Section 4).

Theorem 4.1 Under Assumptions 2.1 (a), (e), and (f) if Ao has full rank

s

(26)

is finite if and only if E [|| X¢—1[]*] < oo

Proof Before turning to the actual proof we introduce some notation and give
some useful results that we shall use in the actual proof for sufficiency and
necessity. Notice first that the vector 0¢,(0)/0 vech(C(0)) is constant; therefore
we focus on the score with respect to the sub-vector vec(A(#)) of 6. Let [B];;
denote the (i, j)th entry of a matrix B and set to abbreviate the notation

H(a) _ 8Ht (00)

0t,ij m, and H[)t = Ht(ﬁo)

Using Lemma A.1. in Comte and Lieberman (2003), which is possible due to
Assumptions 2.1 (a) and (e), we have

(?&é)o ) - ]

fa = 3) Z ( 2H0?)UH 2)(k I +2tr (H(gt,)inOtlH(gt)z]HOt1> (27)

E

)

From Comte and Lieberman (2003) (Proof of B2, p.78) the expectation of the
first term on the right-hand side is bounded by the expectation of the second
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summand. Concerning the latter term, let A;; = dA(6)/d[A];;, and notice that
A (m) ,(m)’
J

ij =€ independently of 8. Moreover, we note that

HSY = A X1 X]_ Ay + Ao X1 X, Ay,
From Appendix A we have:
tr (H(()?,)in(ﬁlHé?,)in(;tl)
. . . 2
(X7 1 AGC5 Ao X1) (X1 AL G A X ) = (X1, AL Cr 40X, )

=2
1+ X]_A)Cyt Ao X1

. 2
(X;,IA;jC(;lAOXt,I)
(1+ X] ANCT Ao X, 1)?

+2 (28)

Sufficiency: We now first show that the existence of the second moment implies
existence of the information matrix. The expectation of the information matrix
exists if the expectations of the diagonal elements exist. Using that the first
summand is non-negative by Cauchy-Schwarz we obtain
tr (H&lHé?,)in&lHéZ)ij)
9 (Xt/—1A60()_1A0Xt—1) (Xt’_lAng’o_lAint_l)
1+ X A)Cyt Ag Xy

(Xrg—lAE)C()_lAOXt—l) (Xt’_lA;nglA,-th_l)

(1+X;_,A)Cy ApX,—1)
< 4 (Xt’_lA;jc(;lAint_l) ,

<

+2

where we applied Cauchy-Schwarz also to the second summand on the right-
hand side in (28). Moreover, for any i, j, if E [||X;—1]]*] < oo,
E [Xt’_lA’

07ij0()_1AO,int—1:| < max(CyY) max  E(z4-1,4)° < o0,

se{l,...,m}

where x;_1 s denotes the sth element of the random vector X;_;. The off-
diagonal elements of the information matrix are bounded by the Cauchy-Schwarz
inequality.

Necessity: We next show the necessity. If

" [tr (aaf;g(ﬁ) aavgéc(i(ﬁ))] - (29)

the information matrix does not exists. Since an arbitrary element of the m?

elements of the diagonal of the matrix 59 5;2?"14)) 38\2(5/0}% is given by (28), we have
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that the left-hand side in (29) is infinite, if the expectation of

. . . 2
2ii (Xt/ilA()COileXt71> (thflA;,]COilAl]thl) - (XzflA;jCOilA[)thl)
i=1j=1 L+ XéflAf)Coileth

2
UL (X1 ry Co AOXt1>
+2
;]2::1 (1+ X, AyCy  ApXy—)?

(30)

is infinite. We focus on the first term in (30) since the second is non-negative.
Again we consider a fixed but arbitrary realization of X;_;. To do so, notice
that h;; : R™ — R defined by

hij(z) = (' AYCy t Aoz) (z’Ango_lAijx> - (I/A;:jco_lAQI)2

is continuous, and hence so is > .| Z;nzl hij. It follows from Appendix B and
the Cauchy-Schwarz inequality that > 2", 3770, hij(2) > 0, Vo with [[z[| = 1.
Hence,

inf Zm:zm: [(x'Agco—lex)( Al Uc—lAO,,»jx) - (m’Aé)ijCo_lem)T > K.

z,|lzl|=1 = &=
i=1 j=1

Similar as in the proof of part (v) of Theorem 3.1 we obtain for some K > 0:

ii (z'AyCy t Agir) (I/A;jco_lAijI> - (ac’Ang’o_lAOx)Q

=1 j=1
> Ki i (2’ AyCy M Agz) (x'Ang’O_lAijx) .
=1 5=1

By assumption Ay has full rank and therefore

K= inf [(2’A{Cy Aoz) /(1 +2A5Cy Agz)] >0

z,||z||=1
Thus,
m  m ’A{)CalAOx) ( /A6 ”071/’10’1‘3‘1’)
> KZZ ( "Aj ij 1A0,ij$) . (31)

o
Il

1j5=1

Finally, notice that by using the left-hand side inequality in (20) we obtain

E ZZ (thflAngOilAintfl) Zz)‘min(c(;l)E (thflA;;inth71>

i=1 j=1 i=1 j=1

v
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where z;_; ; is the ith component of the random vector X;_;. Thus, the result
follows by using (30), (31) and that Cjy is positive definite. O

Remark 4.2 Notice that we did not use that Ay has full rank when we showed
that the existence of the second moment of X;_1 is sufficient for the information
matriz to exist. In the necessity part we did use this. However, using the idea
of Remark 3.3 the above proof can also be used if Ay has reduced rank.

Remark 4.3 Similar to Remark 3.2, we note that the first summand in (28)
vanishes when X; is a scalar. Concerning the second summand, define

~1 . 1 .
A= 5Agjco—le + 5Agco—lAij.

Clearly, x’AijCalex = o/Az, Vo € R™. If Ay has full rank, then the up-
per bound is given )\max([)), D = 03/21451,121145103/2. Next we consider the
case rank(Ag) = r < m. Denote by USV' the singular value decomposition of
Co_l/2Ao, Let A = S? be the diagonal matriz containing the eigenvalues of the
matriz A Cy YAy in a decreasing order; V is the matriz of the corresponding
eigenvectors. Define the m X r matrix V1, the columns of which are comprised
of the first r eigenvectors associated to the nonzero eigenvalues, so that V is
partitioned as (Vi : Va). The inequality

(X:Ll/ithl)Q < (XtLlAthl)u
(1+ X7 ApCy Ao Xe-1)? — (X{_ ApCy ' Ao K1)

(32)

is clearly satisfied by u = 2,v < 2, the expectation of the right-hand side of
inequality (32) can be bounded using again the theorem in Section 7.2.2. in
Roberts (1995) (see also Remark 3.2). Because V{AVy # 0 but VJAVy = 0,
choosing v =3/2 — 6, 6 € (0,1/2) the inequality r > 2v — u is satisfied for any
r > 1. Under mild conditions on the density of X;_1, implying the existence
of the moment of order 1+ 26 (see also Remark 3.2)), the theorem in Section
7.2.2. in Roberts (1995) implies that the expectation of the right-hand side of
(32) exists.

Remark 4.4 FEstablishing asymptotic normality of an extremum estimator re-
quires two steps, asymptotic normality of the score (suitably normalized) at the
true parameter value and convergence of the Hessian to a positive definite ma-
triz uniformly in the parameter space. Comte and Lieberman (2003) and Hafner
and Preminger (2009b) provide reqularity conditions for the QMLE estimator
of the VEC-GARCH and BEKK model, which include boundedness of the eighth
and sizth moment, respectively, of the observable. These conditions are suffi-
cient to establish uniform convergence of the Hessian, although they could be
stronger than effectively needed. On the other hand Theorem 4.1 implies that to
establish asymptotic normality of the score one would require at least covariance
stationarity of the observables. Further calculations show that boundedness of
the Hessian, for all but the true parameter value, require a bounded fourth mo-
ment of the observable, casting serious doubts on the possibility of establishing
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asymptotic normality with a weaker moment condition. This contrasts with the
univariate case when a low order fractional moment condition for the observable
suffices for establishing asymptotic normality of the QMLE.

5 Conclusion

We have seen that for the simplest BEKK model the finiteness of the variance of
the score requires stronger moment assumptions on the observable than we could
have expected from the univariate case. However, the normal density based
QMLE is not the only possibility. In the univariate case Berkes and Horvath
(2004) consider estimators based on other densities than the normal density
and show that the moment condition on the unobservable can be weakened
compared to the normal density based QMLE. The results in this paper clearly
show the necessity to investigate other than the normal density based QMLE in
the multivariate case. That will be the subject of a future paper by the authors.

A Computation of tr <H(gt)”H0t1Hét)mHm1>

Put agp = AgX;—1 and a;; = Aint,l. By the Sherman-Morrison-Woodbury
formula,

(14 a(Cq tag)? ( (g?)szOtlH(gt )szOt )
= [(aUaOC + apaj; Oyt + aoa;;Cq YapCytag) — ao(d;jC’O_lao)aE)CO_l)]z
= a;;a,Cy aljaoC + a”aOCO aoa Cy M1+ a{)C’O_lao) — dija()Co_laoagC’O_l(a;jco_lao)
+ (14 aoCqy Yag) [aoa Cy a”aOC’O + aoainglaod;ngl(l + af)C’Jlao)

—aoa;;Cy YagayCy H(ai;C5 a ag)]
— (aijCO ag) [aoagCy Yaja,Cot + aoa{)C'O_laod;jC’O_l(l + apCytag)
—apagCy tapahCy  (@);Cy tag)] -

Taking the trace and setting

bo = (1600_10,0, bO,ij = [zéjCo_laO, dO,ij = éngC’O_laij,
yields

1+bo)2tr (Y. Hy H H,

( 0) r 0t,ij*+0t “~0t,ij Ot

= bO g (1 + bo)bodo ij bObO,ij + (1 + bo)bodo ij (1 + bo)Qbaij
—(1 + bO)bOboi — bObO,ij — (1 + bO)bObO Jij + bObO ,ij
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which simplifies to

(@) 7r—177(@) p—1) _ o b0 (1—"bo) ,»
tr (HOt,inOt Hy,5iHoy ) . 2mdo,m‘ +2mb0,ij
_ 9 Xt/—1A6CO71AoXt71 (X, W OA . x )

(1+X£_1A6061A0Xt,1) t—14%3~0 0,i7t—1

(1—X]_A)Cy ApX,—1)
(1+ X, ,A)Cy Ap Xy 1)2

2
+ 2

(Xt/—lA;jC()_lAOXt—l)

B Some linear algebra

Proposition B.1 Assume that Ay has full rank and let Alj = egm)egm),. Then
for every x # 0 there is at least one pair (i,7), 4,5 € {1,...,m} such that the
vectors Aoz and A;;x are linearly independent.

Proof It is sufficient to consider an arbitrary « with unit norm. Define

I'={ie{l,...,m}|(Aox); #0} and J:={je{l,...,m}z; #0},

where z; denotes the ith element of the vector z. Notice that both sets are
nonempty due to the facts that ||z|| = 1 and that A has full rank. Then for
I'NJ = we have that Ay ;;z, where j € J, and Agz are linearly independent.
For |I N J| = 1 distinguish the cases that |I| = 1 and that |I| > 1, where | - |
denotes the cardinality of a set. In the former case take Ag;c;, where ¢ ¢ I
and j € J. Then Ao’icjx and Agz are linearly independent. Inithe latter case
take Ao,j/j, where j' € {1,...,m} is arbitrary and j € J. With this choice
AOJ/jx and Apzx are linearly independent. Finally, if [I N J| > 2, then this
implies in particular that [I| > 2. Thus, as before we can take Ag j/;, where
J" € {1,...,m} is arbitrary and j € J, and obtain again that Ao’j/jx and Apx
are linearly independent.

O
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