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Conflicting information
and location parameter inference

Summary - The use of heavy-tailed distributions is a valuable tool in developing robust
Bayesian procedures, limiting the influence of conflicting information on posterior
inference. In this paper, the behavior of the posterior density of a location parameter
is investigated when the sample contains outliers or the prior location is misspecified.
Conditions on the tails of the prior and the likelihood are established to determine the
proportion of conflicting information that can be rejected by the posterior. It is shown
that the posterior distribution converges in law to a density proportional to the product
of the densities of the non-conflicting information, as the outliers (and/or the prior
location) go to plus or minus infinity, at any given rate. In particular, if the prior is
non-conflicting, this limiting density is the posterior that would be obtained from the
reduced sample, excluding the outliers. Examples are given to illustrate the results.

Key Words - Bayesian inference; Conflicting information; Outlier; Heavy-tailed mod-
eling; Location parameter; p-credence.

1. INTRODUCTION

The use of heavy-tailed distributions is a valuable tool in developing ro-
bust Bayesian procedures, limiting the influence of conflicting information on
posterior inference. Outlier rejection in Bayesian analysis was first described
by De Finetti (1961), where the simplest case with a single observation hav-
ing mean 6 was considered. Theoretical results were given by Dawid (1973)
and Hill (1974). O’Hagan (1979) considered outlier rejection in a sample
and O’Hagan (1988) considered more general Bayesian modeling based on
Student-¢ distributions. Outlier rejection based on the notion of credence was
introduced by O’Hagan (1990) and was generalized to p-credence by Angers
(2000) to accommodate a wider class of densities. Other authors approached
outlier rejection, see for instance Meinhold and Singpurwalla (1989), Angers
and Berger (1991), Carlin and Polson (1991), Angers (1992), Fan and Berger
(1992), Geweke (1994) and Angers (1996).
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In Section 2, the behavior of the posterior density of the location parameter
is investigated when the sample contains outliers or the location parameter of
the prior is misspecified, that is when there is conflicting information. In
Section 2.1, the Bayesian context is described. In Section 2.2, conditions of
thickness and regularity for the tails of a density, needed when robust inference
is expected, are given. In Section 2.3, the main results of this paper are given
in Theorem 1. Under certain conditions on the tails of the prior density and the
likelihood, asymptotic results are given. Note that the term ‘“asymptotic” is not
used in the frequentist sense, where the sample size n tends to infinity, but in
the sense that the conflicting values (outliers and/or the prior location) tend to
plus or minus infinity. We determine the asymptotic behavior of the marginal
density of the observations, the posterior density of the location parameter
and the posterior expectation of some functions of the location parameter. In
Section 2.4, we present two special cases. The case where the sample contains
only one observation is described, which enables us to make the connection
with previous papers on robustness. The case where the tail behavior of the
prior density and the likelihood are identical is also described for its usefulness
in practice. In Section 2.5, conditions are simplified using a measure of tails
called left and right p-credences. In Section 3, examples are given to illustrate
the results. We conclude in Section 4 and proofs are given in Section 5.

2. CONFLICTING INFORMATION
2.1. Context

Consider the following Bayesian context.

i) Let X1, ..., X, be n random variables conditionally independent given 6
with the conditional densities of X;|0, evaluated at the point x;, given by
fi(x; —60), where x; e R, eR,i=1,...,n.

ii) The prior density of 6, evaluated at the point 0, is fy(xo—6), where xo € R
is a known location parameter.

To emphasize the fact that the prior is an additional source of information,
we use the notation fy(xg — @) instead of the more usual y(6 — x¢). Note
that the scale parameter is assumed to be known. Extending the results to the
location-scale parameters inference is not trivial. The densities fy, fi1,..., fu
are assumed to be proper, positive everywhere and bounded above.

The observations are denoted by Xp = (x1,...,%,). Among the n + 1
sources of information (xg, x{,...,X,), we assume that k + 1 of them are

fixed and denoted by (xj,, xj,,...,x;), m —k of them tend to —oo and are
denoted by (xj,,,...,x;,) and finally n —m of them tend to oo and are
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denoted by (x;, . ,---,Xj,), where (jo, ji,...,ju) is any permutation of the
set (0,1,...,n) and 0 <k <m < n. Note that the location parameter of the
prior is treated just as another observation and can be considered as conflicting
information if x; € (xjk+1’ ooy X5,). If xo 1s fixed, we set xj, = xo without loss
of generality.

Let the posterior density of 6 be denoted by 7(f|x,) and the marginal
density of Xy, ..., X, be denoted by m()Ncn). If we denote Xp = (Xjs e X)),

two other densities are defined as follows:

Hf:o fji (xji —0)

m(x)

o k
m(xy) =/ Hf,l (xj; =—0)d0 and 7w(0|xy) =
=0

Note that when the location parameter of the prior is fixed, that is x;, = xo,

m()ﬁk) is the marginal density of X;,...,X; and n(9|)£k) is the posterior

density of 6, considering only the k fixed observations x,. If k =0, m(xy) is
set to 1 and ﬂ(9|{k) becomes fj, (x;, —6). Finally, let the vector of conflicting
values be denoted by ¢ = (—xjk+1,... s =X Xy gs -+ - , Xj,). The notation

¢ — oo means that each term of the vector tends to co at any given rate.

In the next section, conditions on the prior density and the likelihood are
established to obtain robust Bayesian inference on the location parameter. The
influence of the conflicting information on the posterior density is expected to
decrease as the conflict increases.

2.2. Conditions of thickness and regularity for the tails of a density

The tails of the densities of the conflicting information must satisfy certain
conditions of thickness and regularity when robust inference is expected. Three
conditions of thickness and regularity for the tails of a density f are given
by conditions C1 to C3 as follows. The density f is assumed to be proper,
positive everywhere and bounded above. (Note that the conditions are the same
for the left and right tails, except for the support of the density which is given
in parentheses for the left tail.)

Cl: Ve > 0,Vh > 0, there exists a constant A;(e, #) > 0 such that z > A (¢, h)
(z < —Ai(e, h) for the left tail) and 9] <h = 1 —e < FEHD <1 te.
For conditions C2 and C3, there exist constants A, > 0 and M, > 1 and

proper densities f* and g such that for all z > A, (z < —A; for the left tail),
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. 2@
C2 7o = Mo,

2 2
C3: f5log f*(2) = 5 logg(2) = 0,

where f* can be the density f or a density with the same tail behavior.
More formally, the density f* must satisfy this condition: there exist constants
B >0 and 0 < K; < K, < 00 such that z > B (z < —B for the left tail) =
Ky < Jf*((zz)) = K.

In condition C1, the ratio of the density f measured in two points with
any fixed distance approaches 1 when the two points increase in the right tail,
which means that a location transformation has no impact on the right tail of
the density f(z), as z — oo. This ensures that the tail is sufficiently heavy.
(Note that the interpretation of the conditions is done only for the right tail to
ease the text, but it is similar for the left tail.) For example, if f(z) is the
density of a normal distribution, lim,_, et — (0 and condition C1 is not

f@
satisfied. If f(z) is the density of a Student distribution, lim,_, o £ jf(ff) =1,

for any fixed 6 € R and condition Cl1 is satisfied.

For conditions C2 and C3, g can usually be a double Pareto density (two
Pareto distributions shifted at 0 and spliced together back-to-back) if the right
tail of f is lighter than that of a Pareto, otherwise g can be simply f*. The
density

I T B e A C Ay
@) =1 2 L g T
f*(2); otherwise,

is usually appropriate, for any choice of @ > 0. The same density g(z) is
also usually appropriate when the left tail is considered, except that lim,_. o, is
replaced by lim,_, _, in the first row.

Condition C2 also ensures that the tail is sufficiently heavy. Condition C3
ensures that the logarithm of the densities f* and g (in the right tail) are
convex, with the log-convexity of f*(z) more pronounced than that of g(z). It
can be shown that a positive function which is logarithmically convex is convex,
therefore the right tails of f* and g are also convex. Using the condition C3
with f* instead of f is more inclusive, since it allows the inclusion of densities
f with non-convex tail. Note that when condition C1 is satisfied, it usually
follows that conditions C2 and C3 are also satisfied.

2.3. Rejection of conflicting information

Using the Bayesian context described in Section 2.1 and the conditions of
thickness and regularity for the tails of a density described in Section 2.2, the
main theorem of this paper is now presented.
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Theorem 1. For any integers k and m such that 0 < k < m < n and for any fixed

Xjgs Xjis - - » Xjp, if conditions C1 to C3 are satisfied on the left tails 0ffjk+1, ooy fim
and on the right tails of f;, ..., fj,, andif
k
H Ji (xj; = 0)
elim = =0 whenk <m, and (D
——00
IT 7i@®
i=k+1
k
H Ji (xj; = 0)
lim =2 - =0 whenm<n, 2)
6—00
II @
i=m+1
then
) m(xn)
2) hmf_)oo m(xg) H:'l:kﬂfji ;) -
7(Olxn)
b) for any h > 0 and for all 0 such that |0| < h, limg_, « W;k) =1,

c) foranyh >0andi € (k+1,...,n), lim¢_>ooPr[‘9 —xii‘ < hl)f,,] =0,

d) 6 I{n £0 |{{k as ¢ — oo, where the density of the random variables 9|{n and
0 |)ch evaluated at the point 6 are given by 7T(9|{n) and (0 |)ch).
w(@|xp)
In addition, for any function w(-) on R such that E A [lw(®)|] < oo and
|lw(0)] n(9|)£k) is bounded above, if

k
w®) [ f; @ —0)

i=0

glilzl = =0 whenk <m, and 3)
[IRAQ
i=k+1
k
w@ T /i 0 = 0)
elim ijo =0 whenm <n, 4)
II 5®
i=m+1
then
. T(@|xn) T (@)xg)
o) limy_ B~ [w@®]=E  ~ [w(®)].
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Proof. See Section 5.

Conditions C1 to C3 on a tail ensure that it is logarithmically convex
and sufficiently heavy. Conditions given by equations (1) and (2) can be
interpreted as follows. The left tail of the density (evaluated at 8) proportional
to [, fj; (@) is heavier than the left tail of the density proportional to

Hf.‘zo Ji; (xj; — 6), also denoted by m(6|x). In the same way, the right tail

of the density proportional to [[i_, ., fj () is heavier than the right tail of
ﬂ(9|{k)- Note that there are no conditions on the right tails of f;, v s Jim

or on the left tails of f; ,,.... fj,.

Asymptotic behavior of the marginal and the posterior densities is estab-
lished through results a) to d), as x; — —oo for i = k+1,...,m and as
xj, — oo for i =m+1,...,n, at any given rate. If the distance between a
value x;, (i > k) and the center of n(@l)ﬁk) increases but remains smaller than

a certain threshold, the influence of this information on the posterior density
usually increases. However, if this distance increases beyond the threshold, a
conflict occurs and the influence of x;, gradually decreases to zero.

2.4. Special cases

A first special case is obtained when the information is provided only
by the prior and one observation. The conflicting information is either the
observation x; (if we set x;, = xo, x;, = x1) or the location parameter xo (if we
set xj, = x1, xj; = Xo), depending on which source we trust in case of conflict.
We set k=0,n=1 and Xp = X1 Since k =0, m()wck) is set to 1 and 71(6|{k)
becomes fj (x;, — 0). If the conflicting value x; — —oo, we set m = 1, if
xj, — 00, we set m = 0.

In Theorem 1, conditions C1 to C3 must be satisfied on the left tail of
fj, when conflicting information is on the left (m = 1), or on the right tail of
fj; when conflicting information is on the right (m = 0). Conditions given by
equations (1) and (2) become

1

- (x. — 0 - (x. — 0
lim M:O when m =1, and limM

6>—co £ (0) b0 f;(0)

=0 when m=0.

The marginal m(x;) behaves asymptotically like f; (x;), while the posterior
7(0]x1) behaves asymptotically like f;)(x;, —6), where the term asymptotically
is understood as x; — —oo or x;; — oo depending on the case. The mass
of the posterior around x; converges to 0. The posterior density converges in
distribution to the source of information (prior or likelihood) with the lightest
tail, if the heaviest tail is sufficiently heavy.
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Another interesting special case occurs when the tail behavior is the same,
for all densities fy, fi1, ..., fu, and for each of their left and right tails. There-
fore, conditions C1 to C3 must be satisfied on each tail. This modeling is
useful in practice, since it ensures the same robustness against any extreme
sources of information among xg, Xy, ... , X,, for any direction. If the direction
of the conflicting values is not specified, it can be shown that the posterior can
reject up to [n/2] sources of conflicting information, even if they are all on
the same side, where [a] stands for the integer part of a. If the direction is
specified, the posterior will be insensitive to the conflicting values, as long as
the number of fixed values is larger than both the number of conflicting values
on the left and the number of conflicting values on the right.

2.5. Conflicting information using p-credence

The conditions in Theorem 1 can be simplified if the family of densities is
restricted for the prior and the likelihood. Conditions C1 to C3 and those given
by equations (1) to (4) can be easier to check if they are replaced by slightly
stronger conditions stated using p-credence. The left and right p-credences
characterize respectively the left and right tails of a density by comparing it
to a generalized exponential power (GEP) density, see Desgagné and Angers
(2005). If f(z) is the density of a random variable Z, then right p-credence
is denoted by p-cred®(f) or p-cred”(Z) and is defined as follows.

Definition 1. A density f has right p-credence (y, 8, «, B) if there exists a
constant K > O such that

lim /@

o0 e 7)™ log P 2|

Since the GEP density is symmetric, the definition of left p-credence
is identical, except that lim,_.,, is replaced by lim,. .. It is denoted by
p-cred™ (f) or p-cred”(Z). Note that p-cred™ (Z) = p-cred™ (—2).

This definition ensures that the tail of a density f is proportional to the
corresponding tail of the GEP density with parameters (y, é, @, ), which guar-
antee a certain smoothness in the tail of f. The domain of the parameters is
y > 0,8 > 0 (by convention § = 0 if y =0), « € R and 8 € R. Left and
right p-credences are defined for most of the known densities (see Desgagné
and Angers, 2003), which does not restrict too much the family of densities
that can be considered.

Once right (or left) p-credence of two densities have been determined,
a dominance relation can be established to compare and order their tails, as
shown in Proposition 1.
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Proposition 1. Let f and g be two densities such that
p-cred®(f) = (v, 8,a,8) and p-cred*(g) = (y',8,a', B') .

) Ify' =y,8 =68, =a, B’ = B, then we say that right p-credences of f and
g are equal, which is denoted by (y', 8, ', B') = (y, 8, a, B). Their right tails

are equivalent, which means that lim__, o, g(—j) = k for a positive constant k.

ii) We say that right p-credence of g is smaller than that of f, which is denoted by
(v, 8, a,B) < (y,8, a, B), as soon as either one of the following conditions
is satisfied:

a)y <y, b))y =y,8 <6,

Oy =y 8=8d<a, Dy =y8=8d=ap <.

The right tail of g strictly dominates the right tail of f, which means that
lim,_, o L& = 0.
g(2)

The proof of Proposition 1 is given in Angers (2000). The left tails of
two densities are compared and ordered in a similar way using left p-credence.
The left tail of the density with the smallest left p-credence dominates the left
tail of the other density.

It is possible to simplify conditions C1 to C3 with slightly stronger con-
ditions using left and right p-credences, as stated in Proposition 2.

Proposition 2. If p-cred™(f) = (y, 8, a, B) and y < 1, then conditions C1 to C3
are satisfied on the right tail of the density f. If p-cred”(f) = (v, 98, «a, B) and
y < 1, they are satisfied on its left tail.

The proof is given in Section 5.8.

Conditions given by equations (1) to (4) can be simplified if they are
replaced by slightly stronger conditions stated using p-credence. It can be
shown that the left and right p-credences of a density proportional to the
product of densities can be determined, under certain conditions, as given in
Proposition 3.

Proposition 3. [If, for some densities fi, ..., f;,
a) p-cred”(fi) = (vi, 8i o, Bi), i = 1,... s, and

b) each parameter y; is equal either to O or a constant ¢, with 0 < ¢ < 1,
i=1,...,s,
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then
p-credt (h) = <'rr11ax Vi, § di, ES o, Es ﬂi) ;
F=eS i=1 i=1 i=1

where the density h is such that

1©) o [ £:0 — up).

i=1

for any constants uy, . .. , ugy. By convention, §; = 0ify; = 0.

Using left and right p-credences, we can now state sufficient conditions
needed to obtain results a) to d) of Theorem 1.

Theorem 2. Suppose that p-cred™ (f;) = (y; ,8; ,a; , Bi ) and p-cred™ (f;) =
(yit, 8, a;f, Bi), where each parameter y;~ and y;* can be equal either to 0 or a
constant ¢, with0 < c < 1,1 =0, 1, ..., n. For any integers k and m such that
0 <k <m < nand for any fixed x;,, x;j, ... , Xj, if

m m m
(e e Y8 Y« > ﬂ;)

i=k+1 i=k+1 i=k+1

k k k
< (_nolaxkyjj, ZST Zoﬁ;, Zﬁ;) when k < m, and
i=0,...,
i=0 i=0 i=0

n n n
+ § + § * E *
(i:nﬂall,).(..,n Yii» 8 i %), » Ji

i=m+1 i=m+1 i=m+1

k k k
< ,-3(}3?‘,,(3’/,»’23;’2“;’251,- when m <n,
i=0 i=0 i=0

then results a) to d) of Theorem 1 are obtained.

©@lxg)
In addition, for any function w(-) on R such that IEN 2 [lw@)|]] < oo,
lw ()] 71(0|)£k) is bounded above, if p-cred” (|w|) = (y,,, 8, o, B,,) and p-cred™

w?

(lwl) = (y.5, 81, af, BF), where each parameter v, and y,; can be equal either
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to O or the constant c, and if

(i_klfff%_,myfi > 5. Zm)

i=k+1 i=k+1 i=k+1
k k k
+ - + - + - + —
- <i=IBIan(yii Y )s ZS./'[ + 510’ Zaji +a,, Z’Bji + le)
T i=0 i=0 i=0

when k < m, and

n n n
Y st + +
max ; S E ; E )
<i_m+211,4..,n yji ’ i’ O[Ji ’ Ji

i=mt+l  i=metl i=mt1
k k

< (max (y] V), ZS + 8 Zaji-i-ai,z:ﬁji-i-ﬂ;r)
i—0 i—=0

whenm < n,

then result e) of Theorem 1 is obtained.

It is easy to verify Theorem 2 using Propositions 1 to 3.

3. EXAMPLES

Suppose that a portfolio manager needs a prediction on the return of a
stock index for the next day. He asks 10 experts for their predictions on the
return. The manager wants to combine this information with his prior belief
using the Bayesian model described in Section 2.1. According to this setting,

, fori = 0,1, , 10, where

h(-) is a Student density with v degrees of freedom and o; is a known scale
parameter.

The random variables X, ..., X;o represent the prediction of each expert
and they are conditionally independent given 6. Each X; has a distinct distribu-
tion, represented by the densities f;, but they share the same location parameter
6. Since the Student density is symmetric, the parameter 6 represents the mean,
median and mode of the predictions of all the experts. The portfolio manager
will use the posterior expectation of 6 as his combined prediction.

The densities f; in this setting differ only by the scale parameters o;.
If the standard deviation of X; is denoted by s;, then it can be shown that

the manager chooses f;(x; —60) = h(

s = o;. The parameters s; represent the volatility of the predictions of

v
v—2
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expert i. This means that there is 100(1 — «)% chance that the prediction X;

is included in the interval 6 £ ta/z(v)\/"—;2 si, where t,/,(v) is the quantile of
a Student distribution with v degrees of freedom and 0 < @ < 1. For example,
there is approximately 95% chance that the prediction X; is included in the
interval 6 + 2s;, since ta/z(v)1/¥ is between 1.96 and 2 for all v > 3 if

o = 0.05. Inference on 6 based only on expert i would produce an estimate
of 6 given by the observation x; and an approximate 95% confidence interval
for 6 given by x; £ 2s;.

We arbitrarily chose the degrees of freedom equal to v = 10 and all
standard deviations are assumed equal to s; = 1, or equivalently o; = /0.8,
i =0,1,...,10. The uncertainty of each source of information (experts and

prior) is the same since o; is constant, which means that the weight given to
each source in the posterior inference will be the same, in case of no conflict. In
case of conflict, the credence given to each source will also be the same, since
the left and right p-credences of each density are the same, that is (0, 0, 11, 0),
where 11 represents the degrees of freedom plus 1. Note that if we wanted to
give no weight to the prior information, we could simply set fy(xg —0) =1,
an improper uniform density defined on R.

Four examples are presented. In each case, we consider that k + 1 sources
of information are fixed, 10 —m of them are equal to x* and m —k are equal to
—x*, for different values of k and m such that 0 < k <m < 10. The posterior
expectation of 0 was computed for values of x* ranging from —60 to 60 using
Monte Carlo simulations with importance sampling, see Desgagné and Angers
(2005). Note that it could be estimated using other appropriate numerical
methods. The value x* can be considered as conflicting if its distance with the
fixed values is sufficiently large. Note that no distinctions are made between
the prior location and the ten observations.

In the first case, m =k =9, and the 10 fixed values are given by x; =
(Xjgs Xjps -+ 5 Xjg) = (=2, -2,—1,—-1,0,0,1,1,2,2). There is only one source
of conflicting information denoted by x;, = x*, which can be a prediction of
an expert or the location parameter of the prior, xo. Note that all numbers
in this example are expressed in percentage since they represent returns. The
posterior expectations of 6 are plotted in figure 1 and correspond to the line
labeled (10 fixed, 1 x*).

Three other cases are plotted in figure 1. In the second case, k = 4,
m = 6 and the 5 fixed values are given by (x;y, x;,,...,x;,) = (=1,-1,0,1, 1).
The 2 values (xj;, xj;) are equal to —x* and the 4 values (xj,,...,x;,) are
equal to x*. For example, if x* = 4, the information is given by the vector
(-1,—-1,0,1,1, -4, —4, 4,4,4,4) and the posterior mean of 0 is 0.9 (y-axis),
which corresponds approximately to the mode of the line labeled (5 fixed, 4
x*, 2 (-x*)), at the point x* = 4.
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Conflicting information (x*)
Figure 1. The posterior expectation of 6.

In the third case labeled (6 fixed, 5 x*), Kk = 5,m = 5 and the 6 fixed
values are given by (xj,x,,...,x;) = (=1,—1,0,0,1, 1), while the 5 val-
ues (Xjg, ... ,Xj,) are equal to x*. In the fourth case labeled (5 fixed, 6
x*), k = 4,m = 4 and the 5 fixed values are given by (xj, xj,...,x;) =
(—1,-1,0, 1, 1), while the 6 values (xj, ... ,x;,) are equal to x*.

The left and right p-credences are given by p-cred™(f;) = p-credt(f;) =
(v, 87, a;,B7) = (v, 8, ", ") = (0,0,11,0) for all densities, that is
for i = 0,1,...,n. It can be easily verified that conditions C1 to C3 are
satisfied for each tail of every density since ¥, < 1 and ;" < 1. The tails of
the Student density are sufficiently heavy and logarithmically convex. It can
be verified that conditions given by equations (1) and (2) of Theorem 1 are
satisfied if (0,0, > /2, ,0) < (0,0, Zf:o a;t,0) and (0, 0, D it o, 0) <
0,0, Zf:o a; ,0), which is equivalent to max(m — k,n —m) < k 4+ 1 since
a; =a;” =11 for all i. If the number of conflicting values on each side is
smaller than the number of fixed values, then the posterior density will reject
the conflicting values as they become extreme. The model can reject up to 5
conflicting values even if they are on the same side and up to 6 conflicting
values if they are split on each side, with at least 2 of them on each side.
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If we consider the posterior expectation of 6, the function w is w(f) =6
and p-cred”(Jw|) = p-cred*(lw]) = (,.8,.0,.B,) = (v, . 65,0, B;) =
(0,0, —1,0). It can be verified that conditions given by equations (3) and (4)
of Theorem 1 are satisfied if (0,0, > 7", ., ;. 0) < (0,0, Zf:o ot +a;,0) and
0,0, at,0) < (0,0, Zf:o o +a;, 0), which is equivalent to max(m —
k,n —m)+ 1/11 < k4 1. Clearly, the term 1/11 has no impact, and these
conditions are equivalent to max(m — k,n —m) < k + 1. This means that the
posterior expectation of # has the same robustness as the posterior density.

In the first case with 10 fixed values, when x;, increases from 0 to a
certain threshold (around 3), the posterior expectation also increases. Beyond
this threshold, the influence of x;,, gradually decreases to zero, as x;,, — 00. In
the limit case, the posterior density considering all observations converges to the
density proportional to Hig:() Jj: (xj, —6), which is the posterior density excluding
the outlier in the particular case where the conflicting value is an observation.
The posterior expectation converges to O for this case. The interpretation is the
same if x;, — —o0.

The model can reject up to 6 conflicting values, only if they are split on
the left and right sides, as can be seen in the second case. However, if the 6
conflicting values are all on the same side, as in the fourth case, the posterior
does not reject them. Actually, the conflicting information becomes the 5 fixed
values in this case. Finally, the model can reject up to 5 conflicting values,
even if they are on the same side, as in the third case.

4. CONCLUSION

In this paper, the behavior of the posterior density of a location parameter
has been investigated when the sample contains outliers or the prior location
is misspecified. Conditions on the tails of the prior and the likelihood have
been established to determine the proportion of conflicting information that can
be rejected by the posterior. It has been shown that the posterior distribution
converges in law to a density proportional to the product of the densities of
the non-conflicting information, as the outliers (and/or the prior location) go
to plus or minus infinity, at any given rate. In particular, if the prior is non-
conflicting, this limiting density is the posterior that would be obtained from the
reduced sample, excluding the outliers. Examples have been given to illustrate
the results.

5. PROOFS

The proof of Theorem 1 is given in this section. In Section 5.1, the proof
of result a) of Theorem 1 is given. The proof of Lemma 3, needed for this
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proof, is given in Section 5.2. The proofs of results b) to e) are given through
Sections 5.3 to 5.6. The proof of Lemma 10, needed for the proof of result
e) in Section 5.6, is given in Section 5.7.

5.1. Proof of result a) of Theorem 1

It is assumed that the densities fy, f1,..., f, are proper, positive every-
where and bounded above. Without loss of generality, we will assume that
xj, = x;, for i =0,1,...,n, in order to ease the notation. This means that
X0, X1, ... , X are considered fixed, xgi1, ..., X, tend to —oo and X, 41, ..., X,
tend to oo.

If conditions C2 and C3 are satisfied on a tail of a density f, the constants
B, K, K>, Ay, M, and the density g are determined. Note that we can choose
the constants A, and M, to be as large as we want. To ease the notation
later in the proof, we choose M, = max(M,, 1/K;, K>, sup, f(z), g(A3), 6)
and A, = max(A,, B). It follows that f* is such that z > A, (z < —A, for
the left tail) = 5= < A& < Mo,

It is easy to show that the marginals m({k) and m({n) are positive and

bounded above and that the posterior densities 77 (¢|xx) and 7 (f]x,) are also

proper, positive everywhere and bounded above. Note that since the prior loca-
tion x( is considered fixed to ease the notation of the proof, 7 (6|x;) is the poste-

rior density and m()ch) is the marginal. Considering that 0 < ffh 71(9|)ch)d9 <1
for any 4 > 0 and that n(@lywck) depends only on the fixed values xg, x1, ... , Xk,
it is then possible to show the following lemma.

Lemma 1. Ve > 0, there exists a constant A4(€) > 0 such that h > A4(€) =

h —h 00
/ T (@|xp)dd > 1 — 6,/ T (0|x,)dl <€ and / T (Bxp)do < €.
—h ~ —c0 ~ h ~

Assuming that conditions C1 to C3 are satisfied on the right tail of a
density f which is proper, positive everywhere and bounded above, two other
lemmas needed for the proof are given. Note that if conditions C1 to C3 are
satisfied on the left tail of f, the lemmas are the same except for the support,
written in parentheses.

Lemma2. 7> A,and 0 > 0(z < —A,and 6 < 0) = f(z+60) < (M»)>f(2).

Proof. It can be shown that if a positive function is logarithmically convex,
then it is also convex. It also can be shown that if the right tail of a proper
density is convex, then it is necessarily decreasing. Since f* is proper and
logarithmically convex when z > A, (see C3), then the right tail of f* is
decreasing, that is z > A, = f*(z+0) < f"(2),V0 > 0. Therefore, z > A,
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and 6 > 0= f(z+0) < Myf*(z+0) < M, f*(z) < (M>)?>f(z). Condition C3
is used in the first and last inequalities. The proof for the left tail is similar.

Lemma 3. & > A, z > max[2h, A|(1,h)] and D = [h, 00) (z < min[—2h, —A,
(1, h)] and D = (—oo, —h] for the left tail ) =

/f(z 01O , 0 < (M) and fz=0)f)

1
f(2) Q@ < (My)" forall6 €D.

Proof. See Section 5.2.
Using the fact that the numerators in equations (1) and (2) are proportional
to 71(9|)£k) (m()wck) depends only on fixed values xg, xq, ..., x;), equations (1)

and (2) respectively can be rewritten as follows (assuming k < m and m < n):
Ve > 0, there exists a constant As(€) > 0 such that

T(0]x) 7 (0]xr)
0 <—A3(e) > ——— <€ and 0> A3() > ——— <e. (5
IT 7® I 7®
i=k+1 i=m+1
Denote y, = —x; if i =k+1,... mand y; =x; if i =m+1,... ,n. It
follows that ¢ = (Vka1s -+ » Yims Ymalr--- > yu) and ¢ — oo if y; — oo, for
i=k+1,...,n, at any given rate. Then
ISR I | R
mx) [[ i) mao ] fite)
i=k+1 i=k+1
/ rOlx) [ i — 0)do
_ - i=k+1
H fi(xi)
i=k+1

fil=yi—=0) 1 fii—6)
= & || || —=df.
/ G 1 Sy ra e | TS

Then result a) can be rewritten as follows: Ve > 0, there exists a constant
Ag(e) such that v > Ag(€), ..., y, > Aple) =

fi-yi—0) 0 fii—0)
1 0 JiEy =0 VT gy gy
es [ e _er i AL Ty s te
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First choose any 0 < € < 1. Note that if the result is true for 0 <€ < 1, it is
necessarily true for any € > 0. Then define

€, = min ([(1 +€/3) b _ 1] : [1 —(1- e/3)”<"—’<+1>} , (Mz)_“"e/3> .

Define 7 = max(A,, As(€y), As(€p)) and then Ag(e) = max(A;(ey, h), 2h).
Note that 0 < ¢ < %, h > 0 and Ayp(e) depends only on €. The constant A;
comes from condition C1, A, and M, from conditions C2 and C3, A; from
equation (5) and A4 from Lemma 1. Actually, there are different constants
Ai(e, h), A, and M, defined for each density fiyq,..., f, in conditions CI
to C3. To simplify the notation, A;(€, h) corresponds to the largest constant
Aq (€, h), for each specified € and h. In the same way A, and M, correspond to
the largest constant. The integral is divided into three parts: (—oo, —h], (—h, k]
and (h,o0) and consider that y,.; > Ag(€),...,y, > Ag(e). First consider
the integral on (—#h, h].

fil=yi=0) {1 fi(yi—0)
(01xr) do
[ﬂ x _er Ji(=y) i_l,,ll Ji(yi)

z[ 7@xn I[ (1 —e0 TI (1 - o

i=k+1 i=m+1
h
—(1—e)* / 2@x0)d0 = (1 — )" = 1 ¢/3.
—h ~

Note that C1 is used in the first inequality since —y; < —A;(€p, h) and y; >
Ai(€p, h) and Lemma 1 is used in the second inequality since & > A4(€p). In
a similar way, it can be shown that

fil=yi=0) 1 [fivi—0)

7 (6]x1) H T R de < 1+ ¢/3.
/— i=k+1 fl(_yl) i=m+1 fl(yl)

Consider now (h, c0) if m < n is assumed.

n

fil=yi —0) fiyi —0)
(% || do
/h i "‘)_I,L fioyo AL T RO0

IA

(M)~ /h 2010 ] f’(fyl(y_)
i=m+1 LA

L fii —0)fi(0)
M,)>m=H S R A Y [
EO( 2) / l_ln_{[+1 ﬁ(yl)

M2 gy a=m=1) ® fu(n —9)fn(9)d9
co(Ma)2 "D (M) / P
eo(Ma)* " P (M) =D (M) < (M) < €/3.

IA

IA

IA
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Note that Lemma 2 is used in the first inequality since —y;, —0 < —y; < —Aj,
equation (5) is used in the second one since 6 > Ajz(€p), Lemma 3 is used
in the third one since & > A, and y; > max[2h, A (1, h)], Lemma 3 is used
again in the fourth one, and the inequality 0 < k <m < n is used in the fifth
one. Consider now (h, o0) if m = n is assumed.

fi(=yi —0) 2(m—k) o
JREICES _Eliﬁ(—f a6 < (2 [ "7 @lxi)de

< e(M)*" ™ < eo(M)'" < €/3.
Note that Lemma 2 is used in the first inequality since —y; —60 < —y; < —A,

and Lemma 1 is used in the second one since & > A4(€p). In a similar way,
it can be shown that

~h fil=yi=0) 7 fii—0)
, do <e/3.
/_ 7 (0x0) —er Fl—y) i:l;[H oy =

Considering the three parts of the integral, we showed that

fi(=yi—0) {7 filyi—6)
6 TR0 g
[ i ka)llll fi(=y) ,_1,11 £

<(1+4+¢€/3)+€/3+€/3=1+¢€,

and

fl( Vi — 9) ! fi(yi - 0)
0 Jilz=yi —0) T de
[ 7( |xk)ll;£l fi(=y) i:lr:!i-l fiyi)

>1—-€/3)+0+0>1—¢€.

5.2. Proof of Lemma 3

We first introduce four other lemmas needed to prove Lemma 3. Suppose
that conditions C1 to C3 are satisfied on the right tail of a proper density f,
positive everywhere and bounded above. (If conditions C1 to C3 are satisfied
on its left tail, the lemmas are the same, except for the support given in
parentheses. The proofs are given only for the right tail, the proofs for the left
tail being similar.)
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Lemmad. 7 > A, (z < —A, for the left tail ) = f*(z) > 0and g(z) > 0.

Proof. If f*(z) = 0 for some z > A,, then f*(z) cannot have the same tail
behavior as f, see condition C3. If g(z) = 0 for some z > A,, then condition
C2 is not satisfied.

LemmaS5. 7 > A, (z < —A)) = f(2) < (M»)g(2).

Proof. Using Lemma 2, if 7z > A, then f(2z) < (M,)?>f(z). Using C2, if
7> A, then (My)g(z) > (Z) Therefore z > A, = (M»)3g(2) > (M»)? £@

f(22)
M
FOURIO 5 fip)

f(

Lemma 6. 7 > A, = g(z2) < g(A») (z < —A> = g(2) < g(—Ay)).

Proof. Since g is a proper density and it is logarithmically convex (see C3)
when z > A, then the right tail of g is decreasing and then bounded above

by g(Az).

Lemma 7. Forall a, b and z suchthat A, <a <b<z7—A, (z+ A, <a <b<

— As for the left tail), argmax <o -0 € {a, b},

Proof. Since the maximum on a range of a convex function is located at its
bounds, it is sufficient to show that log w > ( for any 6 such that

A, < 6 < 7z — A,, since the convex1ty of the logarithm of a positive function
implies the convexity of the function. Then

d? ffe=0)f*®) d* d? d?
WlogT d021 g f” (2—9)+d92 log f*(6) — 102 log g(0) .

Using C3, d92 log f*(6) — d92
that £ logf (z—0) = (dy—zlog f*(y)) |y —._9, and using C3, it is non negative

for z — 6 > A,. Then we showed that dGQ logw >0if 8 > A, and
z—60 > Ay, that is if Ay <0 <z — A,. O

logg(@) = 0 for 6 > A,. It can also be shown

To prove Lemma 3, we divide [/, 00) into three parts: [k, z/2], (z/2, z—h]
and (z—h, 0co). Consider that 7 > A, and z > max[2h, A(1, h)]. The constants
A; and A, respectively come from conditions C1 and C2.
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First consider h <6 < z/2. Note that h <0 <z/2, h > A and 7 > 2h =
7>7—Ay>z7—h>72—0>7/2>60>h> A,. Then

Fz—0)£0) P = 0)F*0) 3 (f*(z _ e>f*<9>>
TSI CE A AN VAR r B VACY (AT A W
o MR M\ ™ g0y )2

* _ * *2
max(f (z—h)f*h)  f2(z/2) )g(e)

f*@eh)  f*(2)gE/2)
f@=hfMh  fAz/2) )gw)
f@gh)  f(2)g(z/2)
£z = h)(My)?
f @)
< (M) max (2(M2)*, M2 ) g(6) = 2(M2)°g(6)
<2(M>)°g(Ar) < (M)'".

< (M>)° max (

< (M,)® max ( : Mz) g(6)

Note that C3 is used in the first inequality since z — 6 > A,, 8 > A, and
z > A, Lemma 7 is used in the second one since A, <h <60 <z/2 <z—A,,
C3 is used in the third one since z —h > Ay, h > A,z > A, and z/2 > A,,
Lemma 5 is used in the fourth one since &7 > A, and C2 is used since z > A,,
Cl1 is used in the fifth one since z > A (1, h), Lemma 6 is used in the sixth
one since 6 > A, and finally 2 < M, and g(A;) < M, are used in the last
inequality. Furthermore, since g(-) is a proper density,

/Z/Z fz=0)f6)
h

z/2
9 9
7@ do < 2(M,) /h 2(0)do <2(My)” .

Consider now z/2 < 6 < z — h. It is possible to use the preceding results
(when h <6 < z/2 is considered) if the change of variables u = z —6 is done,
since h < u < z/2. Then

fe=0)f©) _ fa)f—u
@ f(@
<2(M>)°g(Ar) < (M)".

<2(M>)°g(u) = 2(M>)°g(z — 0)

Lemma 6 is used in the second inequality since z — 6 > A,. Furthermore,
since g(-) is a proper density,

“hfz=0)f0)

z—h
do < 2(M,)° —0)do < 2(M>)° .
R < 2(My) /Z/2 ¢(z — 0)d < 2(My)
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Finally consider 6 > z — h.

fe=0)f©O) _ fla—0)(M)*f(z—h)
f@) - f@)
<2(My)’ < (M)".

<2(My)*f(z—0)

Note that Lemma 2 is used in the first inequality since 6 > z — h > A,, Cl
is used in the second one since z > A((1, k), sup_.p f(2) < M, is used in the
third inequality and 2 < M, is used in the last one. Furthermore, since f(-)
is a proper density,
* flz=0)f0)
z—h f (2)
If the integrals on the three domains are considered, then
* fz—6)f0)
h f @
5.3. Proof of result b) of Theorem 1

d6 < 2(M)? / T Fz—6)d6 < 20M)> < 2M)°.
z—h
do < 6(My)° < (My)™.

Result b) can be rewritten as follows: Ve > 0,Vh > 0O there exists a
7(0]xn)

constant As(e, i) such that min[¢] > As(e,h) and 10| <h = 1—¢€ < W;k) <

1+ €. Note that min[¢] stands for min[—xgi1, ... , =X, Xmats - - » Xnl. RNesult

a) of Theorem 1 can also be rewritten as follows: Ve > 0 there exists a constant
mx ) [Ty fi 00

m(’{n)

<1l+e.

Ap(€) such that min[¢] > Ag(e) = 1 —€ <
Choose any € > 0 and any ~ > 0. Then define
€0 = min[(1 4+ &)/ D — 11 — (1 — e)!/F+]

and As(e, h) = max[Ay(ey), A1(€p, h)]. The constants Ay and A; respectively
come from the proof of result a) of Theorem 1 and from condition C1. Consider
that min[¢] > As(e, h) and |6| < h. Then

@y M0 1 A =0 me [T fitx)

_ i=k+1 _ i=k+1 ﬁ filxi —6)
7(0xx) m(x,) m(x,) iz JiGa)
<Ute) [[ 792 c14e) [T 0+

i=k+1 Ji(xi) i=k+1

— (1 +Eo)i‘l—k+1 < 1+€
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Result a) is used in the first inequality since min[¢] > Ay(ep) and C1 is used

in the second one since min[¢] > A;(€g, 7). In a similar way, it can be shown
(0]xn)

that Wzl—E

5.4. Proof of result c) of Theorem 1

Result c¢) of Theorem 1 says that the posterior density tends to 0, in
any finite neighborhood of any conflicting values (or outliers, without loss of
generality) x;, j € (k+1,...,n). It can be rewritten as follows: Ve >
0,Vd > 0, there exists a constant Ag(€, d) such that min[¢] > Ag(e,d) and
jek+1,....,n)=Prf|0 —x;| < d|x,] < €. A lemma analogous to Lemma 1
is needed for the proof.

Lemma 8. Ve > 0, Vh > A4(e/2), we have min[¢] > As(€/2, h) =

h —h o0
/ T@|x,)do =1 — e,/ T (@|x,)d0 < e and / T (@x,)do <e.
h ~ 00 ~ h ~

Proof [", 7w(01x,)d0 = (1 —€/2) [*, m@lx1)d0 > (1 — €/2)> > 1 — . Result
b) of Theorem 1 is used in the first inequality since min[¢] > As(e/2, h)

and |[#| < h, and Lemma 1 is used in the second one since h > A4(€/2).
Furthermore,

—h 00 00 h
/ n(@lxn)d0+/ 7(0)x,)do =/ n(e|x,,)d9—/ 7(0)x,)do
) ~ h ~ ) ~ —h ~

<l—(1—-¢€)=¢€. O

Choose any € > 0 and any d > 0. Define h = A4(e/2) and define
Ag(e,d) = max[As(e/2,h),d + h], where the constant As comes from the
proof of result b) of Theorem 1. Consider that min[¢] > A¢(€,d) and j €

(k+1,...,n). Since |x;| € ¢, it follows that |x;| > d + h. Then, if x; > 0
(that is for j =m+1,...,n),

xi+d 00
Pr{|0 — x;| < dlx,] = / D (01x,)d0 5/ 7(01x,)d0
~ x;i—d ~ xj—d ~

o0
5/ 7 (@1x,)d0 < €.
LTSS

Lemma 8 is used in the last inequality. The proof for x; < O (that is for
j=k+1,...,m) is similar.
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5.5. Proof of result d) of Theorem 1

The definition of convergence in law of a sequence of random variables
{Y;};=1.25.... to a random variable Y, as s — oo, is given as follows.

Definition 2. Y, Ly if lim,_, o, Pr[Y; < d] = Pr[Y < d], for all d such that
Pr[Y < d] is continuous.

In order to use this definition with Y, = 9|{n and Y = 9|)ch, the prior

location xo and the observations xi,...,x, are expressed as some functions
h;(s) of the variable s, that is x; = h;(s),i = 0,1, ... ,n, for any functions
h;(s) on N which satisfy

1) h;(s) =c; for all s € N, where ¢; is a constant, if i =1, ... ,k,

i) limg_, o h;(s) = —o0, if i =k+1,...,m,
i) limy_, o h;(s) =0 ifi=m+1,...,n.

The density of Y, = 60|x, evaluated at the point y is then given by
Hﬁm—w
/ Hﬁm—mw

Hﬁm—wllﬁm@>y>

7 (ylxa) =

_ i=k+1
/- ILMQ—9>[[ﬁmcw—mde
i=k+1
and the density of ¥ = 6|x, evaluated at the point y is given by
k
I fitei = »
T(ylu) = — :
I1 fitci —0yaso
=0

It can be seen that the functions /;(s) are defined such that s — oo < ¢ — o0.

Furthermore, it can be seen that the density of Y = 0|x; does not depend on

s or ¢. Then Y; LY as s — oo for any functions h;(s) which satisfy 1), ii)

L .
and iii) < flx, — 0|x; as ¢ — oo at any given rate.
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According to Definition 2, the convergence in law for any functions #4;(s)
1s obtained if lim,_, o Pr[Y; < d] = Pr[Y < d], for all d such that Pr[Y < d] is
continuous, or equivalently, if limy_, o Pr[6 < d |)~c,,] =Pr[0 <d |{k], for all d
such that Pr[6 < d|{k] is continuous. Therefore, the result d) can be rewritten
as follows: Ve > 0 there exists a constant A7(e) such that min[¢] > A7(¢) and

d eR= |Pr[0 <dlx,] —Pr[0 < dlx]| <e.

Choose any € > 0, define h = A4(e/6) and A;(€) = As(€/6,h). The
constants A4 and As respectively come from Lemma 1 and from the proof of
result b) of Theorem 1. The real line is divided into three parts: (—oo, —h],
(=h, h] and (h, c0), and consider that min[¢] > A7(e€). First consider d < —h.

—h
7 (0]x,)d0 < €/3.

PHl0 < dlx,] < Prl6 < ~hlx,] = [

Lemma 8 is used in the last inequality since h = A4(e/6) and min[¢]

>
As(e/6, h). In the same way, it can be shown, using Lemma 1, that Pr[f <
dl)ch] < €/6, since h = A4(e/6). From this result and from Pr[0 < d|)~cn] <

€/3, it follows that ‘Pr[@ < dl)NCH] —Pr[0 < dl{k]’ < €/3 < €. Now consider
—h <d <h.

d
‘Pr[—h <0 <d|x,] —Pr[—h <6 < d|xk]] < / ]n(epcn) — 7 @x)| do
X X @l X

d
= [ =@l
—h

Result b) of Theorem 1 is used in the second inequality since min[¢] >
As(e/6, h) and |0] < h. Therefore,

7 (01xn)

7 01x2)

-1

d
do < 6/6/ m(0)xp)dd < €/6.
7]/[ ~

Pr{6 < dlx,] = Prl6 < dlxc]| < |Prl6 < —hlx,] — Prl6 < —hlx,]

4 ’Pr[—h <6 <dlx,] —Pr[~h <0 < d|)£k]‘
<e€/3+€/6=€/2 <€.

Finally consider d > h.

Pr[h <60 <d|x,] <Pr[0 > hlx,] = / m(0)x,)d0 <e€/3.
~ x . x
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Lemma 8 is used in the last inequality since 7 = A4(e/6) and min[¢] >
As(€/6, h). In the same way, it can be shown, using Lemma 1, that Pr[h <
0 < d|)~ck] < €/6, since h = A4(e/6). From this result and from Pr[h <

6 < dlx,] < €/3, it follows that [Prlh <6 < dlx,] — Prlh <6 < dlx]| <

€/3. Finally, from this result and from ’Pr[@ < h|)£,,] —Pr[f < hl{k]‘ <e€/2, it
follows that |Pr[0 < dl{n] — Pr[6 < d|)~ck]’ <e€/2+4+¢€/3 <e.

5.6. Proof of result e) of Theorem 1

.. T(0lxk) .
The condition E =~ [lw(@)|] < oo can be rewritten as follows: there
. 7(0]xg) . .
exists a constant M, such that E K [lw(@)|] < M,. First we introduce two

lemmas needed for the proof. Considering that 0 < fi’h lw(B)] n(@lfk)dé’ < M,
and that |w(t9)|rr(9|)£k) depends only on the fixed values xg, xi, ..., X, it is
then possible to show the following lemma.

Lemma 9. Ve > 0, there exists a constant Ag(€) > O such that h > Ag(€) =

—h %]
/ lw@)| T (O|x;)d0 <€ and / lw@)| T (O|x;)db < €.
2 . 2

—00

Another lemma is needed and its proof is given in Section 5.7.

Lemma 10. Ve > 0, there exists a constant Ag(€) such that min[¢] > Ag(€) =

7(@1xn) m(@1xg)

E [lw@®)[] - E

[Iw(9)|]’ <e€.

Lemma 10 is similar to the result e) of Theorem 1, except that it considers
the absolute value of w(@). Consider now the result €) of Theorem 1, which
can be rewritten as follows: Ve > 0, there exists a constant Ajo(¢) such that

7(@)xn) 7(0|xk)
min[¢] > Ag(€) = ‘IE i [w@)] — E 1k [w(9)]‘ < €. Choose any € > 0.
Define €y = €/6, h = Aqg(ey) and Ajo(€) = max[As(eo/M;, h), Ag(€y)], where
the constant As(eg/M;, h) comes from the proof of result b) of Theorem 1,
which was rewritten as follows: Ve > 0, Vi > 0, there exists a constant As(e, h)
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7(01xn)

such that min[¢] > As(e, h) and |0| < h = 1| <e€. Then

7@lx0)

©1xn) Olxg)
B w@)]—E

[w(en\

=| [ wormelxas - [~ wermelds)

oo

—h [ —h
S[ Iw(9)|n(9|{n)d9+/h Iw(9)|ﬂ(9|{n)d9+[ lw ()] 7 (0]xi)db

o0 h
+ [ w@lx@xode + [ wo)l @l -7 @lx)|do
h —h

7(©1xn)

=E [lw@)I[] - E

7(©1xk)

—h
[Iw(0)|]+/_ lw(@)] 7 (0]x)db
00 h h
+ / w(©)| 7O 1x)d6 + / W@ x@x)do — [ [w(©)| 7 (©]x,)do
I —h —h
_h o0
+ / w(©)| 7 (©@1x)d6 + / w(©)| 7 (0]x)d0
—00 h

N /}:, [w®) [r @) = 7©@lxe)|do

7(©xn)

7(@lxp) h
< ’E [lw@I-E ~ [Iw(9)|]’ +2/_h lw(B)] ’n(OI{n) — 7 (0x) | db

—h [ee)
+2/ |w(9)|7‘[(9|xk)d0+2/ lw(@)| m(0|x)dO
—00 ~ h ~
<bey=c¢€.

Lemma 10 is used in the last inequality since Ajg(€) > Ag(€p) and Lemma 9
is used since h = Ag(€g). Furthermore

7(0xn)

~

7(01x2)

h h
[ 1@ @l - x@lx0|do = [ 1w@)x@lx —1|do
—h —h

7(0]xp)
!

w 49 T 49 X dﬁ E w 9 €0 .
—= Ml N ,\,k —= M] = €0

Result b) of Theorem 1 is used since Ajg(€) > As(eg/M;, h).
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5.7. Proof of Lemma 10

7(6]xn)
~ 0

LACIESA)
We want to show that limy_, E lw@)|] =E % [lw(8)|], or equiv-

7(0]xn)
~ 0

. ©@lxg) .
alently limy_, o E lw@)| + 1] = Eﬂ ik [lw(8)| + 1]. Define the density

(w(@)] + D7 (@]x)

| qw@ 1+ vr@ixas

7 Olxp) =

k
(lw@+ D] fixi —6)

i=0

= = . .
[ @1+ D] fit 00
- i=0

Since ffooo|w(9)|7r(9|)£k)d9 < oo and |w(9)|n(9|)£k) < 0o as given in the
conditions of Theorem 1, it easy to see that 7*(6|x,) is a proper density,
positive everywhere and bounded above. We can also define the positive and
bounded density m*(x;) = 2. (w®)] + DI, fi(xi — 6)d6.

It should be noted that all the information concerning the densities fj,,
Sips oo fie (fos f1, ..., fi for the proof, without loss of generality) in The-
orem 1 is given through the densities n(@l{k) and m()wck), where n(@l{k) is
proper, positive everywhere and bounded.

It is then possible to use the result a) of Theorem 1 using the densities
n*(6|{k) and m*({k). If the conditions given by equations (1) and (2), given
by i m(x 7w O1x k) d 1 m(x )@ k)

Yo —oe [JET O 0 and Timj-co iz 7 ®
n*(6|)~ck) instead of 71(9|)ch) and m*({k) instead of m()ch), it can be seen that

= 0, are used with

they are equivalent to the conditions given by equations (1) to (4) using n(9|§k)
and m()ch). Result a) using m({k) and n(9|{k) is given by

m) [ fix)
lim =kl =1,
¢p—00

T meor@io [ it - 6)do

- i=k+1
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and result a) using m*({k) and 7T*(9|)~Ck) is given by

m* ) [ /i)

. i=k+1
Jim, — ; =1
T wreoaelxo 1] S - o)
-0 i=k+1
n 00 k
(H ﬁ(x»)/ (lw@| + D] fixi —6)a6
i=k+1 - i=0
& ¢Loo =1.

4 | _aw@1+ D] fitx - 6)do
- i=0

The result can now be shown.

00 n

0 1 (x; — 0)do
o | au I+ D] s =0

[w@)| + 1] =

m(x,)

[ auw®1+ D] fit - 030
> i=0

n 00 k
(H ﬁ(xi)>/ (w®)| + D] fix: — 0)do
- i=0

i=k+1

mx) [ fitx)

i=k+1
m(x,)

X

o k
| w1+ D] fitx —erae
- i=0

X

m(x)

If the limit as ¢ — oo is taken, the first two terms in the last expression are 1

according to result a) using respectively 71*(9|)£k) and 71(9|)£k). The last term

7(6]xp)

is E [lw(@)| + 1], which proves the result.

5.8. Proof of Proposition 2

Firstly we show that condition C1 is satisfied on the right tail of f.
Condition C1 can be rewritten as follows. For any constant 4 > 0 and for
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all 6 such that |0] < A, lim [&t9) — 1, Furthermore, since p-credt(f) =

LT f()

(y, 8, a, B), there exists a constant K; > 0 such that lim,_, W =
K. If h >0 and |0| < h, then

. f@+e f(z+0) e 7% log™# 7
lim —— = lim y —3 X
= f(r) s et (Z 4 f)log P (z +6) f@
e—B(z+9)y (z4+6)™ logfﬁ (z+6)
X
e 7= IOg_'B z
K e (24 0) " log P (z +0)
= lim —
=0 K| o8 7w IOg_ﬂ z

= lim 675((Z+9)V71V) ( < )0{ ( 1ng )ﬁ —
00 7406 log(z 4+ 6)

It is easy to check in the last equality that the last two terms tend to 1 as z tends
to infinity. Furthermore, using the Taylor series development of (z +6)” — zV,
it can be shown that the last expression tends to 1 as z tends to infinity if and
only if y < 1.

Secondly, we show that conditions C2 and C3 are satisfied on the right tail
of f. Define f*(z) as a GEP density with the same left and right p-credence
as f(z), that is

Kre %" 2|7 1og™? |z|, if |z] > z0 ;

@ ={

—sz — _ .
Kye %075 log™* 2o, if [z] <z ,

with any zo > 1, where K, is the normalizing constant. The tails behavior of
f and f* are the same and both are proper densities. Define

(14+zh3; ify>0,8>0,
g(Z)={ ‘. e
f*(2); ify=08=0.

The density g is proper since (1 4 |z|)™® and f* are also proper densities.
Consider the first case, when 0 <y < 1,8 > 0 and g(z) = (1 + |z])~°.
Then

f2(z/2) . K12 (efé(Z/Z)V (Z/z)fot log—ﬂ (Z/2))2
m ———— = l1m —
S [(@g(/2) =X Ky (e malog P 2) (1 +2/2)7

log*(z/2)
logz

Z—> 0

-B
= lim Kle_s(zliy_l)zy (z/9~“ ( > (1+2z/2)°

=0.
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The dominant term is the exponential one and it tends to 0 as z — oo since
y >0, >0and 2'"7 —1 > 0 & y < 1. It is sufficient to show that
condition C2 is satisfied since f and g are both positive everywhere and
bounded above, with monotonous tails.

Furthermore, if z > zp, it can be shown that

2 d2 sa
P log f*(z) = —— log [Kze’ 7 log™” z]
d2
= A [—8z" —alogz — Blog(logz)]
logz + 1
=y — )87~ 2+—+M
2log?z
1
vl =)o +at+ Ly P |
logz  log”z
It can be shown that = log g = (l+Tz|)2 > (O for any value of z. Finally, if
Z > 20,
2 2

d o d
d_z210gf (z) — s log g(z)

B n B 3
logz  log’z (1+2z)?

1
= [y(l — )8z’ +a+

The term in brackets goes to +o0o0 as z — oo if y(1 —y)§ > 0, that is if
0 <y <1 and é > 0, which shows that %log f*(2) — glogg(z) >0if z is

large enough. Then conditions C2 and C3 are satisfied if y > 0,6 > 0.
Consider now the second case, when y = 0,6 =0 and g(z) = f*(2).

2@ f3(z/2)
m ——F——-m= llm T EE——
o f(2)g(z/2) o f(2) f*(2/2)
f(z/2) K1e@27 (z/2)~* log ™ (z/2) . Kif(z/2)
= - = lim ——
>0 f(z) Kpe @2 (z/2)~*log P (z/2) % Ky f(z)
Ki (z/2)*log " (z/2) Ki (IOg(Z/2)>_ K,

= lim = lim = —2%.
=00 Ky 7z« log_‘6 z =00 K, logz K>

Furthermore, if z > zo, it can be shown that

d? B p
dzlogf(z) [ +@+10g211 .
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The term in brackets converge to @ as z — oco. Since f* is a proper density

and y = 8 = 0, it follows that & > 1, which shows that % log f*(z) =

%log g(z) = 0 if z is large enough. Then conditions C2 and C3 are also
satisfied if y =0,8 = 0.
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