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Abstract. This paper proposes a recursive procedure that characterizes the order of the pole and the coefficients of the
Laurent series representation of the inverse of a regular analytic matrix function. The algorithm consists in performing a finite
sequence of rank factorizations of matrices of non-increasing dimension, at most equal to the dimension of the original matrix
function. The order of the pole is established by a full rank condition and the Laurent coefficients B, are calculated recursively
as Bp = Hy + Y p_1 FyBn_k, where Hy,, Fj, have simple closed form expressions in terms of the quantities generated by the
algorithm. It is further shown that the complete reduction process in [1], which provides an efficient computational method for
the Laurent coefficients, corresponds to this procedure; hence the present results also provide the explicit recursive formula to
compute B, when that complete reduction process is performed. Moreover, one finds that the number of reductions is equal
to the number of distinct non-zero partial multiplicities and each reduction step decreases the dimension of the coefficients by
the number of partial multiplicities that are equal to a given value. This links the characteristics of the reduction process to

the structure of the local Smith form.
Key words. Matrix valued functions; Matrix inversion; Analytic perturbation; Laurent series expansion
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1. Introduction. Consider a regular analytic matrix function A(z) defined an open set U C C and let

Az) =) An(z—2)", A, €CPP, Ay #0,  z€eU, (1.1)
n=0
be its representation around a point zg € U. Assume that A(zg) = Ao is singular and let the Laurent

representation of the inverse of A(z) be
A(z2)™' = Bu(z—20)""™, By #0. (1.2)
n=0

This paper discusses a recursive procedure to determine m, the order of the pole of A(z)~! at zp, and
the Laurent coefficients {B,,}°2  given {A,}5 .

A classical approach to characterize the relation between (1.1) and (1.2) is via the local spectral theory,
based on the concepts of root functions, Jordan chains and local Smith form, see [3, 10, 14]. The case
of matrix polynomials is an important special case, see [11, 12, 13, 23, 24, 26, 29] and [9, 25, 30, 32] for
matrix polynomials of degree one. The tools derived from the local spectral theory are used in the study

of similarity of matrices [9, 25, 30], for the solutions of systems of differential equations [12, 13], in linear
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control theory [2, 19, 22], as well as in time series econometrics [5, 6, 7, 16, 21, 31]. The same tools are
also employed in numerical algorithms, such as the ones in [33, 34], for calculating the global Smith form of
matrix polynomials and the Laurent represent of the inverse.

A different approach to the calculation of the Laurent coefficients B, is found [1], see also [20]: building
on the results of [19] and on the reduction technique developed in [17, 18], [1] provide efficient computational
procedures for the Laurent series coefficients. In particular, they obtain recursive formulae to compute B,

when 0 or 1 reduction steps are performed on the system of equations
Co=Dn=06pml, Cpn:=> ABn, Dn:=» BpAn, n2>0, (1.3)
k=0 k=0

where 6, ,,, is Kronecker’s delta and C,,, D,, are defined by convolution from A(z2)A(z)~* = 377 Cy(z —
20)"~™ and A(z)"tA(z) = Y07 Dn(z — 20)™ ™ respectively. Moreover, [1] outline how the complete
reduction process can be performed but do not provide a closed form expression for B,, in the general case.

The procedure presented in this paper consists in performing a sequence of rank factorizations of matrices
of non-increasing dimension derived from (1.3). The order of the pole is established when a full rank condition

is verified and the Laurent coefficients are then calculated recursively as

n
By =H,+ Y FiBn s, n >0, (1.4)
k=1
where H,, F} have simple closed form expressions in terms of the quantities generated by the algorithm.

The present procedure is called ‘extended local rank factorization’ (ELRF) and it is an extension of the
‘local rank factorization’ (LRF) in [8]. In that paper it is shown that the LRF delivers the partial multiplicities
and the number of partial multiplicities of a given value, i.e. the local Smith form of (1.1); it also shows
how the LRF can be used to construct an extended canonical system of root functions and a canonical set
of Jordan chains. Moreover, the LRF algorithm stops after a finite number of iterations by construction and
this finite number is equal to the order of the pole.

In this paper we show that the extension contained in the ELRF allows to compute the Laurent coefficients
B, as in (1.4). Moreover, we find that the complete reduction process in [1] coincides with the ELRF
procedure; hence the present results provide the explicit recursive formula to compute B,, when the complete
reduction process is performed. Furthermore, the characteristics of the complete reduction process are linked
to the structure of the local Smith form: the number of reductions is equal to the number of distinct non-zero
partial multiplicities and each reduction step decreases the dimension of the coefficients by the number of
partial multiplicities that are equal to a given value.

The paper is organized as follows: the rest of this introduction defines notational conventions and
Section 2 motivates and defines the ELRF algorithm. Section 3 contains the main results of the paper, namely
the recursive formula for the calculation of the Laurent coefficients, the relation of ELRF with the complete
reduction process in [1] and the link between the characteristics of reduction process and the structure of the
local Smith form. Section 5 contains an example and Section 6 concludes. Proofs are collected in Appendix A

and a MATLAB script that implements the ELRF is provided in the Additional Material.
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1.1. Notation. The following notation will be used throughout: a := b and b =: a indicate that a
is defined by b; any sum in which the lower limit is greater than the upper one is defined equal to 0, i.e.
Zzza ¢y := 0 if @ > b. For any matrix ¢ € CP*? ¢’ denotes its conjugate transpose. We indicate by
colp := {pv,v € C?} the column space of ¢ and by col ¢’ the row space of ; this is in line with current use,
see [28] p. 170. ¢, indicates a basis of col™ ¢, the orthogonal complement of col ¢ in C?, where orthogonality
is with respect to the standard inner product in C?, (z,y) := y'x. The matrix rank factorization of ¢ is
written as ¢ = —&n, where £ and 7 are bases of col v and col¢’, see Theorem 1 in [27] and the following
section; the negative sign is chosen here for convenience in the calculations. When ¢ has full column rank,
the following definition is used @ := ©(¢')~! and ¢’ = (p) = (¢'¢)"'¢’ while when ¢ = 0, one sets
@ := 0; with this notation the orthogonal projection matrix onto coly can be written as P, := ¢p’ = @@’
and P,, := I — P, indicates the orthogonal projection matrix onto colt . Horizontal concatenation of a
and b is indicated by (a,b) and #.A4 indicates cardinality of the set A.

2. Extended local rank factorization. This section contains a motivation and the definition of
the ‘extended local rank factorization’ (ELRF) algorithm. As the ELRF makes repeated use of matrix rank
factorizations, preliminaries are first reviewed, see e.g. [27].

Consider a square non-zero p X p matrix ¢ of rank r, and its rank decomposition ¢ = —&n’ where £ and
n are p X r full column rank matrices. The existence of the rank decomposition can be proven simply by i)
observing that the column space of ¢ has dimension r = rank ¢, i) obtaining a basis £ for this space (e.g.
by Gram-Schmidt orthogonalization of the columuns of ¢) and iii) by representing each column of ¢ in terms
of the basis ¢ (up to a change of sign); this step can be performed computing 7' = —£'¢. When ¢ = 0 one
has r = 0 and one can take { = n =¢ =7 =0and £, =7, =&, =7, = I. In the following {r,&,n}
are said to be given by the matrix rank factorization of ¢; it is also assumed that &, 7, £, 0., €1, 7. are

simultaneously computed, as illustrated in the following remark.

REMARK 2.1 (Rank factorization via SVD). Several standard matriz procedures can be used perform the
matriz rank factorization {r,&,n} of @; here computations are illustrated using the Singular Value Decompo-
sition (SVD), which is the standard preferred numerical method to compute the rank of a matriz, given its
numerical stability, see e.g. [15].

Let o = USV’ represent the SVD of ¢, where U'U = V'V = I and S = diag(s,...,s2), with s > --- >
512) > 0. The rank of ¢ is numerically computed as the largest integer r for which s3 > -+ > s2 > 0 and
572"+1 = ... = sf, = 0. Given r, one can define £ = —Uy, n = V151, €1 = Us, . = Vo, where U = (Uy, Us)
and V = (V1,Va) are partitioned into blocks of the first r columns (with subscript 1) and the last p—r columns
(with subscript 2), and Sy = diag(s?,...,s2).

With this choice, one has £'¢ = I,., € &1 =0\ nL = I, so that E =&, £, = &1, 1 = 0. ; that is, no
matriz inversion is involved when computing the ‘bar’ operation @ = @(¢'¢)~! in these cases. Moreover,
one has 7 =V diag(sl_Q, ..., 87°2). This requires the inversion of the diagonal matriz Sy which is just a
diagonal matrix with reciprocal entries on the main diagonal, i.e. it can be computed element-wise. Note
that this is one possible choice of bases of the various spaces; this specific choice is convenient, because no

matrixz inversion is involved.
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The rank conditions in the ELRF are a generalization of the so called I(1) and I(2) conditions in [21],
which are necessary and sufficient rank conditions for a pole of order 1 or 2; see also [19] for results similar
to the first order case. Here the I(1) condition is introduced in order to provide the intuition behind the

Definition 2.2 of the ELRF algorithm below. Because A(zg) = Ag # 0 is singular, 0 < r¢ := rank Ag < p and

ag, Bo in the matrix rank factorization Ag = —ap/3, are full-column-rank matrices of dimension p x rg.
Consider Cy, Dy in (1.3); from Cy = Dy = 0, one has AgBy = BypAg = 0 and because By # 0 one
finds By = Borp1eyy, for some ¢; # 0. Now consider Ci, Dy in (1.3); substituting Ag = —agf; and

By = Borpryy, in Cy, one then finds af | Crany = «af, (AoB1 + A1Bo) a1 = af A1fo1 1 and similarly
BoLD1Bor = By, (BiAo + BoA1) Bor = g1y, Afor. It m =1, Cy = Dy = I implies o, A1forpr = I
and hence rank oy A1801 = p — 10, 1 = (af, A1Bo1) ! and By = Boy(afh, A1Bo1) ey, . Conversely,
if rank oy, A18oL = p — 1o and m > 1, the equation af, Ai1fp1¢1 = 0 implies p; = 0 and leads to a
contradiction. This shows that m = 1 if and only if the so-called I(1) condition r := rank og, | A1 801 = p—ro
holds. This condition is hence necessary and sufficient for the pole to be of order 1.

When the I(1) condition fails but a further full rank condition (the I(2) condition) holds the pole is of
order 2. The generalization of this idea leads to the definition of the ELRF algorithm given below.

DEFINITION 2.2 (Extended local rank factorization (ELRF) algorithm).
INPUT: The inputs are the p x p matrices {A,}52, and the number q of Laurent coefficients By, ..., By_1

to be computed.®
. -1 ~1
OuTpUT: The outputs are the scalar p and the p x p matrices {F 1 1}5_1, {Hut1,6} o

INITIALIZATION: Set j = 0, r§™* :=p, Jop = 0 and a9 = by = 0. Compute {ro,&o,m0} as the matriz rank

factorization of Ay,

AO = _50776) (21)

and set a1 = «ag := o, by := By := 1o, O := 30@6. Go to RECURSION.
RECURSION: If r; = r***, then go to FINAL LOOPS; else increase j by 1 and perform all the following

max

computations. Set T3 =7

max

T = rjo1, compute Ay j = Aj, Fij = 00A;, and for s = 2,...,j compute

As j—st1 and Fs j_s41 using
Asp = As 1 k1 + As—11Fs 1, Fopi=Fs 1 +0s_ 145 (2.2)
Neat calculate {r;,&;,n;} as the matriz rank factorization of a;J_Ajylbjl,
aj; Ajabjr = =&, (2.3)

where a; | = aj—11&-11 and by =bj_11nj—11. If r; =0, define J; := Jj—1, aj41 := aj, bj11 :=b;, and
gj = 0,’ else (ze 1 S 7’]‘ S ’l";»nax) set % = (\7j*17j)7 O[j = djj_gj, ﬁj = EjJ_nj; gj = BjO_[;, G,j+1 = (aj,aj),
and bj 1 := (b;, B;).

IBecause A; is used in RECURSION j and the ELRF stops after a finite number of iterations, in practise only a finite number

of coefficients is used as input.
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FINAL LoOPS: Set p:=j, J := Jj, a = a;y1, b := b1 and compute F,, 11y using (2.2) fork=1,...,¢—1.

Nezt let Gip = —0p,ud, Hip = —000k,, and compute Hyqp1 for k = 0,...,9 — 1 using the following
recursions for s > 2:

Gs,k = Gs—l,k+1 + As—l,le—l,k’a Hs,k = Hs—l,k + 05—1Gs,k~ (24)

The initialization and the main recursions of the ELRF correspond to the LRF in [8] and allow to determine

the order of the pole m. The extension is contained in the FINAL LOOPS and allows to compute the ¢

coefficients By, ..., B;—1 as shown in Theorem 3.1 below.

max
J

aj Aj1bji in (2.3) until full rank is found. This stopping condition terminates the recursion and determines

The procedure determines the order of the pole m by checking the ranks of the r X %% matrices
the index u of the ELRF, which in [8] is shown to be equal to the order of the pole m.

We note that successive rank decompositions are performed on matrices of non-increasing dimension, i.e.
T < it < p — 7o, where p is the dimension of A, and g is the rank of Ag. At each iteration the ELRF
defines the orthogonal subspaces col§;, col&; 1 (coln;, coln;i), see (2.3); a basis of the first subspace is used
to construct a; = a;1 &; (8; = bj1n;) and the remaining orthogonal subspace is used to define a1 (8j+1)-
This construction implies that a = (ao,...,a,) and b = (Bo,...,B,) are p x p matrices with orthogonal
blocks.

Because in a rank decomposition the factors are not unique, one of them can be chosen to be orthonormal,
for instance the first one as in Remark 2.1. In this case one has &; = & (a; = @;) so that only 7; (53;)
needs to be computed. Similarly, because &1, 7;1 are any bases of the orthogonal complements of col ; and
coln;, one can choose them to be orthonormal. In this case, because a;1 can also be chosen orthonormal,
one finds a;11 = a; & . Similar remarks apply to 17;, and b;, . Finally note that the outputs of the ELRF

are invariant with respect to the choice of bases.

REMARK 2.3 (The ELRF and Moore-Penrose inverses). Note that

o =/ o =/
Forp= E B0 Aj 41,k H, = E B0 G,k

JE€ETs—1 JETs—1

These expressions include Bjd; = (oz]ﬂ;)"’, where T denotes the Moore-Penrose inverse, see e.g. Theorem
5, p. 48, in [4].

The dimension of the Moore-Penrose inverses B_jc_v;- = (ajﬂ;»ﬁ is p. It may be noted that in fact one can
compute Moore-Penrose inverses of smaller matrices. Because &; = a;1§; and 3; = bj 1 7;, the terms ﬂjdg
that appear in these expressions can be written as Bjd;v = bjmjéja;l. Here ﬁjég = (&), with dimension
of the Moore-Penrose inverses equal to r*** =p — Eiej%l Ti.

It can also be moted that no matriz inversion is required in the computation of these Moore-Penrose

inverses, if one performs the matriz rank factorizations in (2.1) and (2.3) as illustrated in Remark 2.1,

max

where the only matriz inversion is that of a r*™ x ri*** diagonal matriz which can be performed element-

wise.
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REMARK 2.4 (Simplifications). Applying the definition in (2.4), it is straightforward to verify that
Gs,k:Hs,k:0f07”3+k<,u+]. and

Hu—l—l,() = _9” = _Bm@;n-
Moreover, it can also be observed that G, = Hs , =0 for k > p, which yields
H,u+1,k:()a kz,qul

All these zero entries do no need to be computed, and the only relevant nonzero coefficients Gs ., Hs j are
found in the triangle 0 <k < pu, 1 <s<pu+1-k.

Finally, if A(z) is a matriz polynomial of degree d, i.e. Ar, =0 for k > d, one has As, =0 for k > d,
which implies Fsj, = 0 for k > d and hence

Fui16=0, k>d+ 1.

3. Main results. This section contains the main results of the paper. Theorem 3.1 proves that the ELRF
delivers the coefficients of the Laurent representation and Theorem 3.3 shows that the complete reduction
process in [1] coincides with the ELRF. Finally Theorem 3.4 links the characteristics of the reduction process

to the structure of the local Smith form of A(z) at z.

TuEOREM 3.1 (Laurent coefficients). Let 1, {Fyy1 Y02}, {Hyur1 k00 be the outputs of the ELRF with

inputs {An}2, and q. Then m = p and the Laurent coefficients in (1.2) satisfy the recursion

By=Hy+) FiBny, 0<n<g-1, (3.1)
k=1

with Hy, = Hyq1,n and Fy, = Frqa i, e

F, = Z HjAjH)k, H;, = Z GjGjJth Hj = Bjd;‘- (32)
JjeT JjeT

Proof. See Appendix A. O
Remark that the coefficients of the Laurent representation are calculated using rank factorizations and
Moore-Penrose inverses of matrices of decreasing dimensions, see Remark 2.1 and 2.3, and not by stacking

matrices in large-dimensional systems.

REMARK 3.2 (Simplifications of Laurent coefficients). As direct consequences of Remark 2.4 and Theo-

rem 3.1, one finds

Hy + 325y FuBnor fl<n<m

D1 FrBnk fm+1<n<g-1

BO = 7Bm5/m7 Bn = {

When A(z) is a matriz polynomial of degree d, one has (3.3) with g = min(n,d).
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Next attention is turned to the relation between the ELRF and the reduction process in [1]. Given
that in Theorem 3.3 below the two procedures are shown to coincide, it follows that (3.1) provides the
explicit recursive formula to compute the Laurent coefficients when the complete reduction process in [1] is
performed.

THEOREM 3.3 (Complete reduction in [1] and ELRF). The complete reduction process in [1] coincides
with the ELRF.

Proof. See Appendix A. O

Inspection of the proof of Theorem 3.3 reveals that the equations at the basis of the ELRF can be written

in the format of equations (8.0)-(8.t) in [1], i.e. as the reducible system?

n
CoVi + Z CkVi—k = Rn,
k=1
where the dimension of Cy, is 7*** x 7*** and Co = &;7}; after applying a reduction step, the reduced system

can be rewritten in the format of equations (10.0)-(10.t — 1) in [1], i.e. as the reduced system

DoW.+ > DyW,j =S,
k=1

where the dimension of Dy, is r;“fi‘ X r;‘jfi‘ and Dy = a'_,j+1J_Aj+1,1bj+1l- Because r?‘ff = ;-nax —r; and
r; = rank Cp, this shows that a reduction occurs if and only if 7; > 0 and the dimension of the coefficients
is decreased by r;.

Next the characteristics of the reduction process are linked to the structure of the local Smith form of

A(z) at zg, see e.g. [10], with form

(Z — Zo)"%]gs

(Z — 20)52152
Iy,

where kg > -+ > ko >0, £; > 0, Zle {; = p, and the empty elements are equal to 0. Wet set k1 = 0 and
say that k; > 0 is a partial multiplicity of A(z) at zp and that there are ¢; > 0 partial multiplicities that are
equal to k;.

THEOREM 3.4 (Partial multiplicities and reduction steps). Let ks > -+ > ko > k1 = 0 be the partial
multiplicities of A(z) at zop and for i = 1,...,s let £; > 0 be the number of partial multiplicities that are
equal to k;. Then s = #J < m+ 1 and the complete reduction process in [1] consists of s — 1 reduction
steps; reduction step i = 1,...,s — 1 decreases the dimension of the coefficients by £;, the number of partial
multiplicities that are equal to k;.

Proof. See Appendix A. O

The result follows from the fact that each and only j € J is a partial multiplicity of A(z) at zo and
that there are exactly r; partial multiplicities that are equal to j, see [8]. That is, s = #J < m + 1 and for

2Here the letters C' and D are used to match the notation in [1] and they do not refer to (1.3) as in the rest of the paper.
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i=1,...,s one has k; = j; and ¢; = rj,, where J = (j1,...,Js) = (0,...,m); that is, the local Smith form
of A(z) at zg is equal to

(z—z0)™I

diag(('z - ZO)jITj )je]i = . ( )r» I s (34)
z — ZO 72 sz
I,

(¢]

where J, = (js,...,71) = (m,...,0) indicates the vector of indices J in reversed order.

The structure of the local Smith form is fully characterized by the ELRF; via Theorem 3.3, the charac-

teristics of the reduction process are thus linked to the structure of the local Smith form.

4. Computational complexity. In this section we evaluate the computational complexity of the ELRF
in terms of floating point operations (flops); because of Theorem 3.3, this corresponds to the computational
complexity of the complete reduction process in [1]. In particular it is shown that the flops associated to the
one-step reduction process are always greater or equal to those of the complete reduction process, where the

former requires previous knowledge of m, unlike the ELRF.

The AB + C operation, where A, B and C are p X p matrices, requires O(p3) flops; the same order of
complexity holds for the rank decomposition of a p x p matrix via SVD, see e.g. p. 18 and p. 253 in [15].
In each recursion, j operations of the type AB + C are performed to compute Asj in (2.2) and the same
number of AB + C' operations is required for Fj j in (2.2). Hence the total number of AB + C operations is
2377, j = m(m+ 1), corresponding to O(m?p?) flops.

The total complexity of the rank decompositions is always less than O(mp?) flops, because it consists of
O(p?) flops for (2.1) and of O((r}“ax)g) flops for (2.3), where r"** < p —rg. Next consider final loops; each
iteration involves AB + C' operations to compute A, and F; i in (2.2) and G, and Hyy, in (2.4). Hence

this requires O(m?p?) flops. Because there are ¢ — 1 final loops, this leads to a total O((¢ — 1)m?p?) flops.

Summing up, it can be seen that the ELRF computes m and Bo,..., B,—1 with O(gm?p?) flops, see
(3.1). Remark that this complexity is determined by the AB + C operations and not by the matrix rank
decompositions. Note also that this estimate of the complexity does not include the simplifications due to
the presence of zero matrices, see Remarks 2.4 and 3.2.

In [1] it is shown that (for known order of the pole) the one-step reduction process computes By with
O(max{m?p3,m3(p — r¢)®}) flops. Hence when max{m?p® m3(p — ro)3} = m?p3, i.e. if m < p3/(p —ro)?,
the computational complexity of the one-step reduction coincides with the one of the ELRF (which however
also provides the order of the pole), as can be seen by setting ¢ = 1. When m > p3/(p — o) there is
a computational gain in using the ELRF, i.e. the complete reduction processes, with respect to the one-
step reduction process. This arises because stacking matrices in a large-dimensional system and performing
a Moore-Penrose inverse on it dominates the computational complexity of the AB + C' operations as m

increases.
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5. Example. This section illustrates results using a numerical example. Consider the matrix polyno-

mial
100 0 0 0 00 —3 00 —3
Az)=10 00 |+[0 -1 0]z+] 00 0 [+ 00 0 [Z°
000 3 0 0 3 00 00 —3%
AO Aq Ao As

and observe that A(0) = Ag is singular. We use the ELRF at zg = 0 to determine the order of the pole of

A(z)~! at zgp = 0 and to compute the coefficients of its principal part.

INIZIALIZATION delivers r§'®* = 3, Jy = 0 and

-1 -1 0 0
Ag=—1] 0 (1 0 0), a1 = ag = &, b1 = Bo = o, 6o = Bodiy = 0 00
T’ 0 00

o

Given that 1 = rg < ry®* = 3, the counter is increased to j = 1 and RECURSION 1 delivers r"** = 2,

0 O
A=A = 0 -1 0 |, Fii=600A11=0, aj Ai1biL=— ( (1) > ( 10 ), J1=(0,1),
% 0 0 ~—— n}
&1
0 0 0 0 O
ap=a11& = 1 |, Bi=bum=| 1|, or=pa,=0 1 0 |,
0 0 0 0 0

and ag = (ag,a1), by = (Bo,P1). Since 1 = r; < r** = 2 the counter is incremented to j = 2 and

RECURSION 2 delivers r§'#* =1,

0 0 —% 0 0 %
Arp=A= 0 0 O ) Fio=00A12=] 0 0 0 |,
10 0 00 0
and because F; = 0,
00 -1
As1=A120=1 0 0 0 , 1 =045, =0.
10 0

Next one finds a}, | Az 1621 = 0 and hence Jo = J1, a3 = ag, by = b, and 65 = 0. Because 0 = 7y < 7§ =1,

max

the counter is upgraded to 7 = 3 and RECURSION 3 delivers r§** =1,

00 —1% 00 3
Aj3=A3=| 0 0 0 , Fiz3=00A13=]10 0 0 [,
00 -1 00 0
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0 —3 00 1
Aso=A13+A11Fi2=] 0 0 0 , Foo=Fio+01Ao=| 0 0 0 |,
0 O 0 0 O
and
00 -1
As1=Aso+ A1 F51=]1 0 0 0 ) F3,=F1 + 0,43, =0.
0 0 O

Hence one finds a% | As1b31 = 0 so that J5 = Ja, as = a3, by = b3, and 63 = 0. Because 0 = rg < r** =1,
the counter is raised to j = 4 and RECURSION 4 delivers "™ =1, A; 4 = A4 :=0, F1 4 =0pA14 =0,

0 1
2
Ays=A1 4+ A11F1 3= 0o |, Fozs=F13+01A23 = 0 1,
1 0
]
0 3
Azo=Ags+ Ay 1Fro = 0o 1, F30="F;0+ 03435 = 0 1,
1 0
2
0 0
Ag1=A32+A31F31 =1 0 o |, Fy1=F31+605A4,1 =0.
0 1
2
Hence one has a}y | Ay 1bs1 = %, &a=1,m4 = *%, Js=(0,1,4), and
0 0 0 O
ag=a4162=1| 0 |, By =byim = 0 ) 0s=Psaf=] 0 0 0 ,
-3 00 -2

as = (a0, a1, a4), bs = (Bo, b1, Ba).

Given that the full rank condition 1 = ry = r}*** = 1 is reached, the algorithm enters the FINAL LOOPS
and defines p = j =4, J = Jy = (0,1,4), a = a5, b = bs. Setting ¢ = p = 4, one can then compute
Fy =Fs for k=1,2,3 and Hy = Hs y, for k =0,1,2,3 using (2.2) and (2.4); one finds

00 0 00 1
=100 0 |, BR=FR=[000 [,
00 —3 00 0
000 0 00 0
Hy = 0 0 O , Hy=H, = 0O 0 O , Hjz = 0 —1
00 2 -1 0 0 0
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Hence, see Theorem 3.1, A(z) has a pole of order m = p =4 at zop = 0 and the coefficients of the principal

part of A(z)~! at zg = 0 are given by

0 0 O 0O 0 O
Bo=Ho=| 00 0|, Bi=Hi+FB=| 0 0 0o |,
0 0 2 -1 0 -1
0 0 1 -1 0 4
By =Hy + "B, + 2By = o o0 o |, Bs = Hs + F1 By + FoBy + F3By = 0 -1 0
1 9 1 1 0 _1
2 2 1 1

A direct computation shows that (1.3) is satisfied. Because m =4, p = 3 and p—ry = 2, one has m > ﬁ
and thus a computational gain arises by performing the complete reduction processes instead of the one-step
reduction. Also recall that the latter requires previous knowledge of m which on the contrary is determined
within the ELRF.

Finally consider the application of Theorem 3.4. Given the ELRF, the local Smith form of A(z) at zo =0

can be computed using (3.4); because J, = (4,1,0) and 7o = r1 = ry = 1, one finds

z4 0 0
diag((z — ZO)jITj )jéfﬂ = 0 =z 0
0 0 1

The complete reduction process consists of #J7 — 1 = 2 reduction steps: reduction step 1 occurs because
j1 = 0 is a partial multiplicity of A(z) at zp and the dimension of the system is decreased by the number
of partial multiplicities that are equal to 0, 7o = 1 in this case. Reduction step 2 occurs because jy = 1 is
a partial multiplicity of A(z) at zg and the dimension of the system is decreased by the number of partial

multiplicities that are equal to 1, r; = 1 in this case.

6. Conclusion. The ELRF delivers a recursive formula to compute the order of the pole and the Laurent
coeflicients of the inverse of a regular analytic matrix function, without stacking matrices in large-dimensional
systems. The procedure consists in performing a finite sequence of rank factorizations of matrices of non-
increasing dimension at most equal to the dimension of the original matrix function. The complete reduction
process in [1] coincides with the ELRF; hence the latter provides the explicit recursive formula to compute
the Laurent coefficients when that complete reduction process is performed. The present paper also shows
that the number of reductions is equal to the number of distinct non-zero partial multiplicities and each
reduction step decreases the dimension of the coefficients by the number of partial multiplicities that are
equal to a given value. This links the characteristics of the reduction process to the structure of the local
Smith form. Finally it is shown that the computational complexity of the ELRF compares favourably with

the one of the one-step reduction process.
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Appendix A. Proofs.
The proof of Theorem 3.1 is based on the following lemma.
LemMA A.1. Let u, J,aj, By, As iy Gs i be defined as in the ELRF algorithm; then for j € J andn >0

one has

O‘jﬁ;‘Bn aJL ZA +1, kB k+PaJLG +1,n- (Al)
k=1

Proof. Pre and post-multiplying (2.3) by a;; and l_);- | respectively, the rank factorization (2.3) can be
rewritten as P, Aj1FP,, = —a]ﬂ}. This shows that the initialization and main recursions of the ELRF
coincide with the LRF in [8]; hence, by Theorem 3.2 in [8] one has that the index of the ELRF equals the
order of the pole, i.e. u=m. Next observe that 0 = P, (Cp = On,mI) by definition. We wish to show that
for j € J and n > j one has

n—j

0= PajL(Cn - 5n,mI) = _ajﬁg'Bn*j + P a1 Z AJ+1 kBn— j—k ‘PagLGjJrl n—js (A~2)
k=1

remark that (A.2) implies that (A.1) holds. The proof of (A.2) is by induction. Let Jy := (41, ..., j¢), with
Ju=J0 = ({1,---,Ju) = (0,...,m). We first consider (A.2) for j; = 0. Because P,,, = I, Ay = —apf},
Ay = Ay, and G, = —0,, 1, by definition of C,, one can rewrite (1.3) as

O:—Oé()B(/)Bn-l- angAlan k+ GOLGl’I’L
k=1

and this shows that (A.2) holds for j = j; = 0. Next assume that (A.2) holds for j € J, for £ < wu; one
wishes to show that it also holds for j = jy41 € Jeq1 for £ 4+ 1 < u. Let t := jy + 1; pre-multiply (A.2) by

P,,, and re-arrange terms to find

n—t
0= PatLAt,lB’n*t + P Qg ZAt k+1Bn t—k T atLGt n—t+1 — U+ V (A3)
k=1
where U := P,, A;1B,—; and V is defined accordingly. Next use projections, inserting I = P, + P,

between A;; and B,,_; in U; one finds
U= a,LAtl-PthBn t + afL'Atl‘Pbt nt—U1+U2

The term Uj involves Py, = Zhej,{ BrBy,, and one has Uy = Py, | Asq Zhejg BrBh Br—t.
We next observe that for h € J; one has

n—t

/ iy _y
BhBn—t = @y, E Ant1, 6 Bn—t—1 + 0, Ghi1n—t-
=1

This is derived from (A.2) choosing j equal to h € J; and replacing n with n — ¢ 4+ j. Substituting in the

expression of Uy, one finds

=P, Z A1 Y BrahAnsan | Bociok + Pay At Y Br0hGhitin—t.
hele hele
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Summing U + V and using (2.2), one finds

n—t
0=U1+Pa,, > Arp16Bnt—k + Pay, Ges1in—t, (A4)
k=1
where Gii1n—t = Gp—t41 + At1 D1y, Bre},Ghs1n—t-
If t < jet1 then P, A; 1P, =0 and hence Uy = 0; in this case (A.4) reduces to (A.3) with the counter
t increased by one and the process is repeated increasing the counter again until ¢ = j,11. If t = jy1 then
Ur = —aj,,,Bj,,, Bn—j,,, Which makes (A.4) equal to (A.2). This completes the proof of (A.2) and hence
of (A.1). O
Proof of Theorem 3.1. Pre-multiply (A.1) by & to find

n
!/ —/ —/
BjBn - aj § Aj+1,an7k: + ajGjJrl,n;
k=1

using projections, one then has

B, = Z BB Bn = Z B; (O_l; Z Ajy16Bn—k + a;'Gj—i-l,n)

JjeT JjeET k=1

= Z Z Bja;‘Aj-&-l,k B+ Z Bja;'Gj—i—l,n = ZFM+1,an—k + Hyt1,n,
k=1 \jeJ J€T k=1
where the last equality follows by definition from (2.2) and (2.4), see also (3.2). O
Proof of Theorem 3.3. Pre-multiply (A.1) by a, and use the definitions a; = a; &, 8; = b;j1n; to find

n
17/ / /
§n;b5 L Bn = aj,. Z Aji1k Bk + a5, Gjrin
k=1

n n
= aj A1 nPy,, Book+ Y Ajp1kPo, Buok +a) G, (A.5)
k=1 k=1

where the last equality follows from inserting the projection identity I = Py, + P, between A;ix and
B _p.

We note that (A.5) for j = 0 gives the original system (1.3). We next show that, given the system (A.5),
the application of one reduction step in the sense of [1] leads to the next matrix rank factorization in the
ELRF. This shows that the complete reduction process in [1] coincides with the ELRF.

First observe that (A.5) can be written in the format of equations (8.0)-(8.t) in [1],3

COVn + Z Ckvnfk - Rna (AG)
k=1

3In this proof the letters C' and D are used to match the notation in [1] and they do not refer to (1.3) as in the rest of the
paper.
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by setting Cy = fj?];-, Cy = —a;-J_AjH,kbjl, V, = B;J_Bn and R, = 22:1 a,;J_Aj+17kajBn_k + a;J_Gj_H,n.
We next apply a reduction step to (A.5) pre-multiplying it by a basis of the left null space of Cj to find

Zf;g_ckvn—k = f;'J_Rm
k=1

because §§LC;€Vn,k = _glgla‘lle]‘+1’kajLBn7k; = —a;+1LAj+1’kaj+lLBn,k —a;+uAj+1,kP5]. ankiu where
the last equality follows by definition from a;1, = a;1§;1 and Py, = B, ,, + Pg,;, rearranging terms and
setting s = n — 1 one has

S

’ ’
_aj+1J_Aj+1,1ij+1LBS - E aj+lj_Aj+17k+1ij+1¢BS—k =S,

k=1
where S, = ;.LRS“ + ZZJS a;_‘_uAjH’kPﬁj Bsi1—. This can be rewritten in the format of equations
(10.0)-(10.t — 1) in [1],
DoW,+ Y DeWo_y, = S, (A.7)
k=1
where Dj, = fa;+1LAj+17k+1bj+1L, We_i = E;HJ_BS_k for k=0,...sand s =0,...,m — 1. Because the

reduced system (A.7) is again reducible if and only if Dy = a‘/74+1lAj+1}1bj+1J_ is of reduced rank, which is
the rank condition in (2.3), this proves that the complete reduction process in [1] coincides with the ELRF. O
Proof of Theorem 3.4. In the proof of Theorem 3.3 it is shown that dimension of the C} coefficients

of the reducible system (A.6) is 7 x 7", where r"® =p — 3, _ T2 Ths and the dimension of the Dy,

3 3 max max max __ max ) . —
coefficients of the reduced system (A.7) is 754 x 723, where 7% = 7* —r; and r; = rank Cp. Hence a

reduction occurs if and only if r; > 0, i.e. j € J, and the dimension of the coefficients is decreased by ;.
Because each and only j € J is a partial multiplicity of A(z) at zo and there are r; partial multiplicities

that are equal to j, see (3.4), the statement is proved. O
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Additional material for:
Inverting a matrix function around a singularity
via local rank factorization

MASSIMO FRANCHI* AND PAOLO PARUOLO™*

ABSTRACT. This file contains MATLAB routines that implement the ELRF.

1. DESCRIPTION

This file describes and includes the following MATLAB routines:

e main.m: call to the ELRF with the example in the paper;
e ELRF.m: performs the ELRF;
e recursionAF.m: recursions to compute {A;} and {F;};

e recursionGH.m: recursions to compute {G;} and {H;};

MatRnkDecSvd.m: function that performs a matrix rank decomposition, based on the SVD
function of MATLAB.

The scripts are embedded as PDF ‘file attachment annotations’, which requires PDF version 1.4
or higher (Adobe Acrobat 4.0 or higher). The embedding was generated with the attachfile Latex
package, see Pakin (2011).

To open the scripts, you need to either

e right click on the icons g and choose ‘Save Embedded File to Disk...’

e or double-click on the icons g

Note that in Adobe Acrobat, annotations never print unless the Annotations box is checked in

the Print dialog.
2. SCRIPT MAIN.M

gT his function calls the ELRF for a specific example in Section 4 of the paper.

%% Main file ———————————m—m e
clear all; clc;

aA(:,:,1) =[1 0 0; 00 0; 0 0 0];
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\begin{verbatim}
%% Main file ------------------------------------------------------------------
clear all; clc;
aA(:,:,1) =[1 0 0; 0 0 0; 0 0 0];
aA(:,:,2) =[0 0 0; 0 -1 0; 0.5 0 0];
aA(:,:,3) =[0 0 -0.5; 0 0 0; 0.5 0 0];
aA(:,:,4) =[0 0 -0.5; 0 0 0; 0 0 -1/4];
%% ELRF -----------------------------------------------------------------------
[out,all] = ELRF(aA,10);
\end{verbatim}


main.m


2

aA(:,:,2) =[0 0 0; O -1 0; 0.5 0 0];

aA(:,:,3) =[0 0 -0.5; 0 0 0; 0.5 0 0];

aA(:,:,4) =[0 0 -0.5; 0 0 0; O O -1/4];

Yy ELRF === = o
[out,all] = ELRF(aA,10);

3. FuNcTION ELRF.Mm

gThis function perform the ELRF.

%% ELRF function ————=—————————— =
function [out,all] = ELRF(aA,q)
% PURPOSE: compute the order of the pole and the first q Laurent

/A coefficients via ELRF. If q is left empty return the

yA coefficients of the principal part.

e
% USAGE: [out,all] = ELRF(aA,q)

% where: aA = array {A_i} i=0:d of size p x p x (d+1) for

yA A(z)=A_0+A_1(z-z_0)+...+A_{d}(z-z_0)"{d}

b q = scalar >=0 the first q Laurent coefficients are saved in

% all.B. If left empty, all.B contains the coefficients of

b the principal part.

e
% RETURNS:

% out = structure with

% out.m = scalar >=0, the order of the pole

% out.B = array {B_{n}} n=0:9-1 of size p x p x q,

yA the first q Laurent coefficients. If q is left empty,
b all.B contains the coefficients of
yA the principal part B_O,...,B_{m-1}

h

% all = structure with additional output

% all.a = p x p matrix a=[alpha_O,...,alpha_{mu}]
% all.b = p x p matrix b=[beta_0,...,beta_{mu}]

% all.vr = 1 x mu+l vector vr=[r_O,...,r_mu]=[r_j]
% all.vJ = 1 x mu+l vector vJ=[0,...,mu]

% all.theta = p x p x mu+l array {bar(betaj)bar(alphaj)’}j=0:mu
% all.aA = p x p x h+l array {A_{n}} n=0:h



\begin{verbatim}

%% ELRF function --------------------------------------------------------------

function [out,all] = ELRF(aA,q)

%  PURPOSE: compute the order of the pole and the first q Laurent

%           coefficients via ELRF. If q is left empty return the

%           coefficients of the principal part.

%------------------------------------------------------------------------------

% USAGE:     [out,all] = ELRF(aA,q)

% where:     aA = array {A_i} i=0:d of size p x p x (d+1) for

%                 A(z)=A_0+A_1(z-z_0)+...+A_{d}(z-z_0)^{d}

%            q =  scalar >=0 the first q Laurent coefficients are saved in

%                 all.B. If left empty, all.B contains the coefficients of

%                 the principal part.

%------------------------------------------------------------------------------

% RETURNS:

% out = structure with

% out.m = scalar >=0, the order of the pole

% out.B = array {B_{n}} n=0:q-1 of size p x p x q,

%         the first q Laurent coefficients. If q is left empty,

%         all.B contains the coefficients of

%         the principal part B_0,...,B_{m-1}

%

% all = structure with additional output

% all.a = p x p matrix a=[alpha_0,...,alpha_{mu}]

% all.b = p x p matrix b=[beta_0,...,beta_{mu}]

% all.vr = 1 x mu+1 vector vr=[r_0,...,r_mu]=[r_j]

% all.vJ = 1 x mu+1 vector vJ=[0,...,mu]

% all.theta = p x p x mu+1 array {bar(betaj)bar(alphaj)'}j=0:mu

% all.aA = p x p x h+1 array {A_{n}} n=0:h

% all.aB = p x p x h+1 array {B_{n}} n=0:h

% all.daA = p x p x mu+1 x h double array {A_{s,i}} s=1:mu+1,i=1:h

% all.daF = p x p x mu+1 x h double array {F_{s,i}} s=1:mu+1,i=1:h

% all.daG = p x p x mu+1 x h double array {G_{s,i}} s=1:mu+1,i=1:h

% all.daH = p x p x mu+1 x h double array {H_{s,i}} s=1:mu+1,i=1:h

% all.aF = p x p x h array {F_{mu+1,i}}i=1:h

% all.aH = p x p x h array {H_{mu+1,i}}i=1:h

% -----------------------------------------------------------------------------

% NOTES: in all arrays where one the theoretical index starts from 0,

%        entries are shifted by 1

%% Define dimensions ----------------------------------------------------------

% and define maximum order of the pole, zero and identity

% and inizialize matrices before the proper 'ELRF Inizialization' step

[p,p,w]=size(aA); d=w-1; mumax=d*p; all.mu=mumax; Z=zeros(p,p); I=eye(p);

all.minusI=-I; all.aA=zeros(p,p,mumax+1); all.aA(:,:,1:w)=aA;

all.daA=zeros(p,p,mumax,mumax); all.daF=all.daA;

all.theta=zeros(p,p,mumax+1); all.a=Z; all.b=all.a;

all.vJ=zeros(1,mumax+1); vuJ=all.vJ; all.vr=all.vJ; vcumr=all.vJ;

%% ELRF Inizialization --------------------------------------------------------

j=0;

[xi0,eta0,r0,xi0ort,eta0ort,eta0bar]= MatRnkDecSvd(aA(:,:,1));

rj=r0; aj=xi0; bj=eta0; aj_1ort=I; bj_1ort=I; rjmax=p;

all.a(:,1:r0)=xi0; all.b(:,1:r0)=eta0;

xij_1ort=xi0ort; etaj_1ort=eta0ort;

all.theta(:,:,1)=eta0bar*xi0';

all.vr(1)=r0; vcumr(1)=r0;

vuJ(1)=1;

%% ELRF Recursion -------------------------------------------------------------

while rj < rjmax;

    j=j+1;

    rjmax=rjmax-rj;

    all=recursionAF(all,j); % F(s,j-s+1) and A(s,j-s+1)

    ajort =aj_1ort*xij_1ort;

    bjort =bj_1ort*etaj_1ort;

    mM=ajort'*all.daA(:,:,j,1)*bjort;

    [xij,etaj,rj,xijort,etajort,etajbar]= MatRnkDecSvd(mM);

    all.vr(j+1)=rj; vcumr(j+1)=vcumr(j)+rj; % r and cumr (they are shifted)

    if rj > 0;

        alphaj=ajort*xij; all.a(:,vcumr(j)+1:vcumr(j+1))=alphaj; % a

        betaj=bjort*etaj; all.b(:,vcumr(j)+1:vcumr(j+1))=betaj;  % b

        all.theta(:,:,j+1)=(bjort*etajbar)*(xij'*ajort'); % theta (shifted)

        all.vJ(vuJ(j)+1)=j; vuJ(j+1)=vuJ(j)+1; % vJ and vuJ (shifted)

    else

        all.vJ(vuJ(j)+1)=all.vJ(vuJ(j)); % vJ (shifted)

        vuJ(j+1)=vuJ(j); % vuJ (shifted)

    end; % rj  >  0;

    aj_1ort=ajort; bj_1ort=bjort; xij_1ort=xijort; etaj_1ort=etajort;

end; % while r < rjmax;

%% Empty un-needed entries ----------------------------------------------------

% and inizialize matrices after ELRF Recursion and before ELRF Final loops

all.theta(:,:,j+2:end)=[]; all.vJ(:,j+2:end)=[]; vuJ(:,j+2:end)=[];

all.vr(:,j+2:end)=[]; vcumr(:,j+2:end)=[]; all.daA(:,:,j+1:end,:)=[];

all.daA(:,:,:,j+1:end)=[];

all.daF(:,:,j+1:end,:)=[]; all.daF(:,:,:,j+1:end)=[];

if nargin == 1

    q=j;

end

h=max(2*j+2,j+q-1); all.aA=zeros(p,p,max(h,d)+1); all.aA(:,:,1:w)=aA;

daZ=zeros(p,p,j+1,h); all.daG=daZ; all.daH=daZ;

foo=daZ; foo(:,:,1:j,1:j)=all.daA; all.daA=foo;

foo=daZ; foo(:,:,1:j,1:j)=all.daF; all.daF=foo;

all.aF=zeros(p,p,h); all.aH=zeros(p,p,h); all.aB=zeros(p,p,h+1);

%% ELRF Final loops -----------------------------------------------------------

all.mu=j; % Index of the ELRF

all.H0=-all.theta(:,:,all.mu+1); % H_0=H(mu+1,0)=-theta_mu

all=recursionGH(all,all.mu); % G(s,j-s+1) and H(s,j-s+1)

for j=all.mu+1:h;

    all=recursionAF(all,j); % F(s,j-s+1) and A(s,j-s+1)

    all=recursionGH(all,j); % G(s,j-s+1) and H(s,j-s+1)

end;

all.aF=squeeze(all.daF(:,:,all.mu+1,:)); % F(mu+1,k)

all.aH=squeeze(all.daH(:,:,all.mu+1,:)); % H(mu+1,k)

%% compute B_k ----------------------------------------------------------------

all.aB(:,:,1)=all.H0;

for n=2:h+1

    all.aB(:,:,n)=all.aH(:,:,n-1);

    for k=2:n

        all.aB(:,:,n)=all.aB(:,:,n)+all.aF(:,:,k-1)*all.aB(:,:,n+1-k);

    end % for k=2:n

end % for n=2:h+1

%% save output ----------------------------------------------------------------

out.m=all.mu; out.B=all.aB(:,:,1:q);

\end{verbatim}
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% all.aB = p x p x h+l array {B_{n}} n=0:h

]
Ay

% all.daA = p x p x mu+l x h double array {A_{s,i}} s=1:mu+l,i=1:h

Il
(A

% all.daF = p x p x mu+l x h double array {F_{s,i}} s=1:mu+1,i=1:h

% all.daG = p x p x mu+l x h double array {G_{s,i}} s=1:mu+1l,i=1:h
% all.daH = p x p x mu+l x h double array {H_{s,i}} s=1:mu+1,i=1:h
% all.aF = p x p x h array {F_{mu+1,i}}i=1:h
% all.aH = p x p x h array {H_{mu+1,i}}i=1:h

A ——
% NOTES: in all arrays where one the theoretical index starts from O,
yA entries are shifted by 1
%% Define dimensions ———————————————mmmmmm
% and define maximum order of the pole, zero and identity
% and inizialize matrices before the proper ’ELRF Inizialization’ step
[p,p,wl=size(al); d=w-1; mumax=d*p; all.mu=mumax; Z=zeros(p,p); I=eye(p);
all.minusI=-I; all.aA=zeros(p,p,mumax+1); all.aA(:,:,l:w)=al;
all.daA=zeros(p,p,mumax,mumax); all.daF=all.daA;
all.theta=zeros(p,p,mumax+1); all.a=Z; all.b=all.a;
all.vJ=zeros(1,mumax+1); vuJ=all.vJ; all.vr=all.vJ; vcumr=all.vJ;
%% ELRF Inizialization ——————————=——————— e
j=0;
[xi0,eta0,r0,xi0ort,etalort,etaObar]= MatRnkDecSvd(aA(:,:,1));
rj=r0; aj=xiO; bj=etal; aj_lort=I; bj_lort=I; rjmax=p;
all.a(:,1:r0)=xi0; all.b(:,1:r0)=etal;
xij_lort=xiOort; etaj_lort=etalort;
all.theta(:,:,1)=etaObar*xi0’;
all.vr(1)=r0; vcumr(1)=r0;
vuJ(1)=1;
%% ELRF Recursion ————————————————
while rj < rjmax;

j=3+1;

rjmax=rjmax-rj;

all=recursionAF(all,j); % F(s,j-s+1) and A(s,j-s+1)

ajort =aj_lort*xij_lort;

bjort =bj_lort*etaj_lort;

mM=ajort’*all.daA(:,:,j,1)*bjort;

[xij,etaj,rj,xijort,etajort,etajbar]= MatRnkDecSvd(mM) ;

all.vr(j+1)=rj; vcumr(j+1)=vcumr(j)+rj; % r and cumr (they are shifted)



if rj > 0O;
alphaj=ajort*xij; all.a(:,vcumr(j)+1:vcumr(j+1))=alphaj; % a
betaj=bjort*etaj; all.b(:,vcumr(j)+1:vcumr(j+1))=betaj; % b
all.theta(:,:,j+1)=(bjort*etajbar)*(xij’*ajort’); % theta (shifted)
all.vJ(vuJ(j)+1)=j; vuJ(j+1)=vuJ(j)+1; % vJ and vuJ (shifted)
else
all.vJ(vuJ(j)+1)=all.vI(vuJ(j)); % vJ (shifted)
vuJ(j+D=vuJ(j); % vuJ (shifted)
end; % rj > O;
aj_lort=ajort; bj_lort=bjort; xij_lort=xijort; etaj_lort=etajort;
end; % while r < rjmax;
%% Empty un-needed entries ———-————————————————————
% and inizialize matrices after ELRF Recursion and before ELRF Final loops
all.theta(:,:,j+2:end)=[]; all.vJ(:,j+2:end)=[]; vuJ(:,j+2:end)=[];
all.vr(:,j+2:end)=[]; vcumr(:,j+2:end)=[]1; all.daA(:,:,j+1l:end,:)=[];
all.daA(:,:,:,j+l:end)=[];
all.daF(:,:,j+1:end,:)=[]; all.daF(:,:,:,j+1l:end)=[];
if nargin ==
a=3;
end
h=max (2*j+2,j+q-1); all.aA=zeros(p,p,max(h,d)+1); all.aA(:,:,1:w)=al;
daZ=zeros(p,p,j+1,h); all.daG=daZ; all.daH=daZ;
foo=daZ; foo(:,:,1:j,1:j)=all.dah; all.daA=foo;
foo=daZ; foo(:,:,1:j,1:j)=all.daF; all.daF=foo;
all.aF=zeros(p,p,h); all.aH=zeros(p,p,h); all.aB=zeros(p,p,h+1);
%% ELRF Final 1oOpS ————— === === ===
all.mu=j; % Index of the ELRF
all.HO=-all.theta(:,:,all.mu+1); % H_O=H(mu+1,0)=-theta_mu
all=recursionGH(all,all.mu); % G(s,j-s+1) and H(s,j-s+1)
for j=all.mu+1l:h;
all=recursionAF(all,j); % F(s,j-s+1) and A(s,j-s+1)
all=recursionGH(all,j); % G(s,j-s+1) and H(s,j-s+1)
end;
all.aF=squeeze(all.daF(:,:,all.mu+l,:)); % F(mu+l,k)
all.aH=squeeze(all.daH(:,:,all.mu+1,:)); % H(mu+l,k)
hh compute B_k ——————mm oo e e
all.aB(:,:,1)=all.HO;



for n=2:h+1
all.aB(:,:,n)=all.aH(:,:,n-1);
for k=2:n
all.aB(:,:,n)=all.aB(:,:,n)+all.aF(:,:,k-1)*all.aB(:,:,n+1-k);
end % for k=2:n
end % for n=2:h+1
hh save OULPUL ————m e

out.m=all.mu; out.B=all.aB(:,:,1:q);
4. FUNCTION RECURSIONAF

gThis function performs recursions to compute {4} and {F;;}.

%k recursionAF function ——————————————————-————————
function all=recursionAF(all,j)

%% PURPOSE: computes A(s,k) and F(s,k) along the j-th diagonal
A —

% USAGE: all=recursionAF(all, j)

% where: j =1, 2,

yA all = structure
=
% RETURNS:

yA all = structure
S —
% NOTES: see ELRF

%t A_{1,j} and F_{1,j} ——————————————————

all.daA(:,:,1,j)=all.aA(:,:,j+1);
all.daF(:,:,1,j)=all.theta(:,:,1)*all.daA(:,:,1,j);
ht A_{s,j-s+1} and F_{s,j-s+1} -—-——-—-———-—mmmmmmmmm
foo=min(j,all.mu+l); for s=2:foo;
all.daA(:,:,s,j+1-s)=all.daA(:,:,s-1,j+2-s)+. ..
all.daA(:,:,s-1,1)*all.daF(:,:,s-1,j+1-8);
all.daF(:,:,s,j+1-s)=all.daF(:,:,s-1,j+1-s)+...
all.theta(:,:,s)*all.daA(:,:,s,j+1-8);

end
5. FUNCTION RECURSIONGH

gThis function performs recursions to compute {G,} and {H}.



\begin{verbatim}

%% recursionAF function -------------------------------------------------------

function all=recursionAF(all,j)

%% PURPOSE: computes A(s,k) and F(s,k) along the j-th diagonal

%------------------------------------------------------------------------------

% USAGE:     all=recursionAF(all,j)

% where:     j =1, 2, ...

%            all =  structure

%------------------------------------------------------------------------------

% RETURNS:

%            all =  structure

%------------------------------------------------------------------------------

% NOTES: see ELRF

%% A_{1,j} and F_{1,j} --------------------------------------------------------

all.daA(:,:,1,j)=all.aA(:,:,j+1);

all.daF(:,:,1,j)=all.theta(:,:,1)*all.daA(:,:,1,j);

%% A_{s,j-s+1} and F_{s,j-s+1} ------------------------------------------------

foo=min(j,all.mu+1); for s=2:foo;

    all.daA(:,:,s,j+1-s)=all.daA(:,:,s-1,j+2-s)+...

        all.daA(:,:,s-1,1)*all.daF(:,:,s-1,j+1-s);

    all.daF(:,:,s,j+1-s)=all.daF(:,:,s-1,j+1-s)+...

        all.theta(:,:,s)*all.daA(:,:,s,j+1-s);

end

\end{verbatim}
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\begin{verbatim}

%% recursionGH function -------------------------------------------------------

function all=recursionGH(all,j)

%% PURPOSE: computes G(s,k) and H(s,k) along the j-th diagonal

%------------------------------------------------------------------------------

% USAGE:     all=recursionGH(all,j)

% where:     j =1, 2, ...

%            all =  structure

%------------------------------------------------------------------------------

% RETURNS:   all =  structure

%------------------------------------------------------------------------------

% NOTES: see ELRF

%% G_{1,j} and H_{1,j} --------------------------------------------------------

all.daG(:,:,1,j)=(j==all.mu)*all.minusI;

all.daH(:,:,1,j)=all.theta(:,:,1)*all.daG(:,:,1,j);

%% G_{s,j-s+1} and H_{s,j-s+1} ------------------------------------------------

foo=min(j,all.mu+1);

for s=2:foo;

    all.daG(:,:,s,j+1-s)=all.daG(:,:,s-1,j+2-s)+...

        all.daA(:,:,s-1,1)*all.daH(:,:,s-1,j+1-s);

    all.daH(:,:,s,j+1-s)=all.daH(:,:,s-1,j+1-s)+...

        all.theta(:,:,s)*all.daG(:,:,s,j+1-s);

end

\end{verbatim}
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6

%% recursionGH FUNCEIion —————————m oo
function all=recursionGH(all, j)

%% PURPOSE: computes G(s,k) and H(s,k) along the j-th diagonal

% USAGE: all=recursionGH(all, j)

% where: j =1, 2,

% all = structure
N
% RETURNS: all = structure

Y m
% NOTES: see ELRF

%% G_{1,3} and H_{1,j} ===mmmmmm e o e e

all.daG(:,:,1,j)=(j==all.mu)*all.minusI;
all.daH(:,:,1,j)=all.theta(:,:,1)*all.daG(:,:,1,3);
% G_{s,j-s+1} and H_{s,j-s+1} —-—————————————— -
foo=min(j,all.mu+1);
for s=2:foo;
all.daG(:,:,s,j+1-s)=all.daG(:,:,s-1,j+2-s)+...
all.daA(:,:,s-1,1)*all.daH(:,:,s-1,j+1-8);
all.daH(:,:,s,j+1-s)=all.daH(:,:,s-1,j+1-s)+...
all.theta(:,:,s)*all.daG(:,:,s,j+1-s);

end

6. FUNCTION MATRNKDECSVD

gT his script performs a Matrix Rank Decomposition using the SVD.

%% MatRnkDecSvd function ————-———=——————————— oo
function [mA,mB,r,mAort,mBort,mBbar]= MatRnkDecSvd (mP)
% PURPOSE: computes Matrix Rank Decomposition, mP=-mA*mB’ based on svd

% ______________________________________________________________________________

% USAGE: [mA,mB,r,mAort,mBort]= MatRnkDecSvd(mP)

% where: mP = m x n matrix

R e e
% RETURNS: mA = m X r matrix

pA mB = n x r matrix,

b r = rank(mP)

b mlort = m x (m-r) matrix, basis of ort.complement of col(mA)



\begin{verbatim}

%% MatRnkDecSvd function ------------------------------------------------------

function [mA,mB,r,mAort,mBort,mBbar]= MatRnkDecSvd(mP)

% PURPOSE: computes Matrix Rank Decomposition, mP=-mA*mB' based on svd

%------------------------------------------------------------------------------

% USAGE:     [mA,mB,r,mAort,mBort]= MatRnkDecSvd(mP)

% where:     mP = m x n matrix

%------------------------------------------------------------------------------

% RETURNS:   mA = m x r matrix

%            mB = n x r matrix,

%            r = rank(mP)

%            mAort = m x (m-r) matrix, basis of ort.complement of col(mA)

%            mBort = n x (n-r) matrix, basis of ort.complement of col(mB)

%------------------------------------------------------------------------------

[U,S,V] = svd(mP); vs=diag(S); tol = max(size(mP))*eps(max(vs));

r = sum(vs > tol);

mA=-U(:,1:r); mAort=U(:,(r+1):end);

mV=V*S';

mB=mV(:,1:r);

if r > 0

    mBbar=V(:,1:r)*diag(ones(r,1)./vs(1:r));

else % this is to capture errors when rank is 0

    mBbar=mB;

end;

mBort=V(:,(r+1):end);

\end{verbatim}
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yA mBort = n x (n-r) matrix, basis of ort.complement of col(mB)

[U,S,V] = svd(@P); vs=diag(S); tol = max(size(mP))*eps(max(vs));
r = sum(vs > tol);
mA=-U(:,1:r); mAort=U(:, (r+1):end);
mV=V*3’;
mB=mV(:,1:1r);
ifr >0
mBbar=V(:,1:r)*diag(ones(r,1)./vs(1l:r));
else J this is to capture errors when rank is O
mBbar=mB;
end;

mBort=V(:, (r+1) :end);
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