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ABSTRACT. Minimality of the state space representation of a stochastic process places restrictions
on the rank of certain matrices that show up in the leading coefficient of the principal part of the MA
transfer functions implied by the system. When unit roots are allowed for, those restrictions and
the reduced rank structure of the state process shape the integration and cointegration properties
of the state and the observed processes. A characterization of cointegration is presented in the 7(d)
case and it is further found that the present results lead to a construction of the canonical form in
Bauer and Wagner (2012) Econometric Theory, 28, 1313-49.

1. INTRODUCTION

The structure of (A, B,C) in the state space system xy11 = Ax; + Bey, yr = Cxy + &4 plays a
central role in determining the properties of x; and 3 and given that the dynamics of the system is
fully described by the state equation, the Jordan structure of A is crucial in this respect. Moreover,
the triple (A, B,C) shapes the transfer functions which dictate how the state x;, the observable
y and the white noise process ¢; are connected, see Hannan and Deistler (1988) for the relations
between various system representations in the stationary case.

The present paper provides a characterization of the link between the structure of (A, B,C) at
each nonzero eigenvalue of A and the behaviour of the transfer functions around the corresponding
singular points. The linear combinations that lead to a pole cancellation are fully described and
when the results are specialized for unit modulus eigenvalues, these linear combinations are shown
to characterize the (multiple-frequency) cointegration properties of z; and y; in the general I(d)

case. These results are achieved by combining the rank restriction implied by minimality of the
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state space representation with those in the extended local rank factorization (ELRF) developed
in Franchi and Paruolo (2011, 2016), which is a recursive procedure that enables to construct the
local Smith form and extended canonical systems of root functions of a generic matrix function,
see Gohberg et al. (1993) for definitions and properties, and is here applied to the matrix pencil
I— Az

The present results are closely related to the ones in Bauer and Wagner (2012), who prove
the existence of a canonical form for processes with unit roots with integer integration orders at
arbitrary frequencies and use it to describe the cointegration properties of the system. These
are characterized via orthogonality conditions in potentially large systems of equations defined by
stacking the matrices of the canonical form. The connections with their analysis are investigated
and it is shown that the ELRF provides to a construction of their canonical form. However, the
characterization of cointegration presented here avoids stacking and it may thus be preferred when
the number of observables is large, as in the case of Dynamic Factor Models considered in Barigozzi
et al. (2016a,b).

The results in the present paper complement the literature on the representation theory of
cointegration in the state space framework, see Aoki (1990) and Aoki and Havenner (1989, 1991)
for the I(1) case, and in the ARMA framework, which is far more numerous. The first result of the
kind is the celebrated Granger Representation Theorem in Engle and Granger (1987), which allows
to derive the infinite lag Error Correction form of an I(1) process starting from its MA form. In
the same MA framework Phillips (1991) introduced the Triangular Representation of (1) processes
and this was subsequently generalised to I(d) systems by Stock and Watson (1993). Still starting
from the MA form of an I(1) process an approach based on the Smith form was presented in Yoo
(1986); this was further extended to the case of 1(2) systems in Engle and Yoo (1991) and Haldrup
and Salmon (1998) and to seasonal roots in Hylleberg et al. (1990).

In a parallel strand of literature, the so-called cointegrated VAR literature, Johansen (1991)
derived conditions under which a VAR process is I(1) and the Granger Representation Theorem
holds. A generalization to I(2) and to seasonal roots was given in Johansen (1992) and Johansen
and Schaumburg (1998) respectively, and the case of generic I(d) processes in the AR framework
was considered in D’Autume (1992), la Cour (1998) and Franchi (2007, 2010). See Franchi and
Paruolo (2017) for a general inversion theorem that links the different approaches.

More recently, Barigozzi et al. (2016a,b) obtained a version of the Granger Representation Theo-

rem for (1) Dynamic Factor Models with singular factors and Deistler and Wagner (2017) showed
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that the cointegration properties of singular I(1) ARMA processes only depend upon the autore-
gressive polynomial at one. The results presented here apply to Dynamic Factor Models with
singular factors as well, since they can be written in state space form.

The rest of the paper is organized as follows: the remaining part of this introduction reports
notational conventions and preliminaries, Section 2 presents rank restrictions implied by minimality
and relates them to the order of integration of the system while Section 3 describes the ELRF and
the subsequent pole cancellations that characterize cointegration. Section 4 provides a description
of the cointegration structure and a numerical illustration of the results, Section 5 discusses the

connections with Bauer and Wagner (2012) and Section 6 concludes. Appendix A contains proofs.

Notation. The techniques presented in the paper make repeated use of projections and rank
factorizations, whose notation is introduced here. Let x be a n x r full column rank matrix;
x indicates a n x n — r full column rank matrix that forms a basis of span’ z, the orthogonal
complement of spanx. P, := Zz' = 2z, where z := z(2'z)~!, is the orthogonal projection onto
spanz and P, := I — P, = T 2/ = 7' is the orthogonal projection onto spant z. Given a
n X ¢ matrix ¢ of rank 0 < r < min(n, ¢), its rank factorization is written as ¢ = caf’, where «
and 8 are n x r, ¢ X r full column rank matrices that respectively form a basis of the column space
and of the row space of ¢ and ¢ € R is chosen for convenience in the calculations. When r = 0, i.e.
p=0,seta=B=a=p=0and o, = =a, =, = I of the appropriate dimension. When
r = g, i.e. ¢ has full column rank, set 3 = I, and 3, = B =0 and when r = n, i.e. ¢ has full row

rank, set « = I, and o) = a; = 0.

2. RANK RESTRICTIONS IN MINIMAL STATE SPACE SYSTEMS AND ORDER OF INTEGRATION

Consider the minimal state space system

x4r1 = Axy + Bey, A € R"ax"a B € Rt=*"y, (2.1)
yr = Cxy + &y, C € R
where the observed process y; has dimension n, x 1, the state process x; has dimension n, x 1 and
the white noise process €; has dimension n, x 1 and positive definite covariance matrix 2.
Remark that no restriction is involved in assuming that (2.1) is minimal; in fact, see Theorem
2.3.1 in Hannan and Deistler (1988), the class of observationally equivalent state space realizations
of a given covariance structure always contains a representation with minimal dimension n, and

such a representation can always be constructed via the Kalman’s decomposition theorem, see e.g.
Antsaklis and Michel (2007, Section 6.2.3).



A well known necessary and sufficient condition for minimality of (2.1), see Theorem 6.2-3 in

Kailath (1980), is that the couple (A, B) is controllable and the couple (A, C) is observable, i.e.
rank(B, AB, ..., A" 1B) = rank(C", A'C’, ..., (A""1C") = n,.

An equivalent characterization of controllability, observability and minimality is presented next.

This is based on the Popov-Belovich-Hautus (PBH) rank tests, see Theorem 6.2-6 in Kailath (1980).

Theorem 2.1 (Rank restrictions in minimal state space systems). Let o(A) be the set of distinct
eigenvalues of A; for each A, € o(A), let ro := rank(A — A\, I) and consider the rank factorization
A— X I = fy. Then

i) Ay is controllable if and only if af,| B of dimension ng — ro X ny has full row rank;
i1) Ay is observable if and only if CBy1 of dimension ny x ny — ro has full column rank;

i11) (2.1) is minimal if and only if rank(oyy, B) = rank(C By 1) = na — 1o for any A, € o(A).

The n, X n, — ro matrices ag |, By are respectively bases of the left and right eigenspaces of
A associated to the eigenvalue \,; in fact af (A — A\J) = of, apfy = 0 shows that any left
eigenvector of A that corresponds to A, lies in the span of the columns of «g, and similarly for
(A —=XI)BoL = afByBor = 0. Hence Theorem 2.1 highlights the relation between B and the left
eigenspace of A for controllability and between C' and the right eigenspace of A for observability.!

The MA representations of x; and of y; implied by (2.1) are

xp =Ty (L)ey Tpc(2) = — A2)"'Bz

) e C, 2.2
yr =Ty (L)es Tye(z) =1+ C(I — A2)"'Bz ‘ (2:2)

and involve (I — Az)~!, which has a pole of some order d € N, := {1,2,...} at the reciprocal
of each nonzero eigenvalue of A, z, := A%, 0 # A\, € o(A). In fact, for any 0 # A\, € o(A),
A — M\ = =)\, (I — Az,) is non-invertible and hence (I — Az)~! has a singularity at z,. Because
(I — Az)~! is a rational function, the singularity is a pole and its Laurent representation around

at z, has the form

(I—A2)"' = (1-X2)79B(z2) = i Bn(1 = X2)"% By #0, |Bo| = 0. (2.3)
n=0

IFor the Generalized Dynamic Factor Model y; = Af; + &, A(L) ft = Ru¢, minimality places restrictions on the
number n,, of shocks u; and the number n, of observables y;. In fact Theorem 2.1 implies that an eigenvalue A, of the
companion matrix A in f = Afi_1 + EUt is controllable only if n, > ny — ¢ and it is observable only if n, > ns — g,

where n; is the number of factors f; and ¢ = rank A(A;').
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Note that (I—Az)~! is expanded around z,, B(z,) = By # 0 is singular and the first d coefficients
{B,}¢Z} characterize the singularity of (I — Az)~! at z = z,. In the following, {B,,}52, are called
the Laurent coefficients.

The next proposition states that the poles of the MA transfer functions in (2.2) coincide with
those of (I — Az)~L.

Theorem 2.2 (No pole cancellations in the MA transfer functions). Let z, := A1, 0 £ A\, € o(4),
and consider the rank factorization A — X\, I = apf3. Then B(z,) = Bo1 ¢y, # 0 for some ¢ and

B(z)Bz
(1 — Ay2)®

CB(z)Bz

Tye(z) = (I—Tz)d’

Tye(z) =1+ CB(24)B = Cfig1 60ly B #0,

have a pole of some order d € Ny at z,.

Note that in principle the presence of B or C' could imply ¢af,, B =0 or Cfy ¢ = 0 and hence
change the order of the pole in the MA transfer functions. However, because in a minimal system
ap, B and Cfy are full rank matrices, see Theorem 2.1, and ¢ # 0 such pole cancellations arise only
when the eigenvalue is non-controllable or non-observable, i.e. only in non-minimal representations.

As discussed in the next proposition, under the assumption that the largest eigenvalue of A is
equal to 1, the order of the pole at z = 1 determines the order of integration of the state space

system.2

Theorem 2.3 (Order of integration). Assume that 1 € o(A) and that 1 # A\, € o(A) implies
|Au| <1 and let d € Ny be the order of the pole of (I — Az)™! at 2 =1. Then

A%y = B(L)Bey_ ~ I(0), A%, = CB(L)Be;_1 + A%, ~1(0),  CB(1)B # 0,
i.e. xy ~ I(d) and y, ~ I(d).

Similarly, the order of integration of given transformations ((L)'z; and (y(L)'y; of x; and y;
coincides with the order of the pole of (;(2)'Tyc(2) and (y(2)'Ty,(2) at z = 1. For this reason,
the characterization of the pole cancellations in the MA transfer functions presented in the next

section leads to a full description of the cointegration structure of z; and ¥, see Section 4 below.

2The definition of order of integration in Johansen (1996) is employed: a generic process u; is integrated of order
d if A%uy ~ 1(0), i.e. A%uy = U(L)eys, where &, is white noise, U(z) is finite for all z € C: |z| < 14 § for some § > 0
and U(1) # 0.



3. POLE CANCELLATIONS VIA EXTENDED LOCAL RANK FACTORIZATION

This section first describes the relation between the structure of the state matrix A and the
order of the pole of (I — Az)~!. This relation is fully characterized by the extended local rank
factorization (ELRF) developed in Franchi and Paruolo (2011, 2016), which is a recursive procedure
that enables to construct the Laurent coefficients, the local Smith form and extended canonical
systems of root functions of a generic matrix function. These results are then used to characterize
the pole cancellations in the MA transfer functions; when specialized for z,, = 1, these cancellations
characterize the cointegration properties of x; and v, see Section 4 below.

In the present context, the ELRF is performed on I — Az at z,; because I — Az is a matrix

polynomial of degree one, the results in Franchi and Paruolo (2016) simplify as follows.
Theorem 3.1 (ELRF and Laurent coefficients). Let z, := A\, 1, 0 # A\, € 0(A), rg := rank(A—\,I),
and consider the rank factorization A — X\, I = apBjy. Then (I — Az)~! has a pole of order d € N
at zy if and only if

rj <1 (reduced rank condition)  for j=1,...,d -1
rq =i (full rank condition) forj=d ’

where T 1= ng — Zz;ol Ti, T; 18 the rank of o and fB; in the rank factorization Fo; QP =

—2y0j B} and

aj 1= (o, - - - ,ij_l) Q; = { Azy forj=1
) J

bj == (Bo,- .-, Bj-1) Qi YIS BidiQiyy forj=2,...,d+1

Moreover, the Laurent coefficients { By} in (2.3) satisfy

—AuBad forn =20 d 3 -

M = . . /. -
Bn={ M(MBn,_1+N,) forn=1,...d : N %do ﬁjo‘é%g , (3.1)
=00 aC

AuM B2 forn=d+1,d+2,... " j=d—n FI%5=i+1n

where
—1p—ql orj=0
Cj—i—l,n = njill = f ] s n=20,...,d,
Cj7n+1 + )\qu Zi:d—n Bio%ci-f—l,n for j=1,... ,d

and 1. is the indicator function.

The ELRF is defined by the sequence of calculations in Theorem 3.1 and delivers the output?

d and {ay, 85,75, Qjt+1,Cjix1,n}j=o0,....d, n=0,....d- (3.2)

3When j is different from 0 or d, r; (and thus «; and ;) can be equal to 0; in what follows, every statement

implicitly assumes that they are nonzero, because the modifications required in the case r; = 0 are straightforward.
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While d and {r; }?:0 do not depend on the choice of bases in the rank factorizations and are thus
uniquely defined, {a;, 8}, Qj+1,Cj+1n}j=0.....d, n=0,1,... depend on such choices. In any case, i.e. for
any choice of bases in the rank factorizations, the n, x n, matrices («o,...,aq) and (Bo, ..., Bq)
have mutually orthogonal components, namely o} c; = 3, 8; = 0, h # j, and deliver bases of C"=
(or of R™, when A, € R), so that the orthogonal projection identities I,,, = z;‘l:o Py, = Z;l:o Pg,

hold. Moreover, remark that minimality implies
rank(a};B) = rank(CB;) =75, j=1,...,d, (3.3)

i.e. that oz;-B has full row rank and Cf; has full column rank for j = 1,...,d. This follows
from rank(af, B) = rank(Cfy1) = ngy — ro, see Theorem 2.1, and from ag; = (ov,...,0q) and
Bor = (Bi1,...,084). Furter note that minimality does not play a role in determining the rank of
a,B and Cpy.

The necessary and sufficient condition for a pole of order d given in Theorem 3.1 is stated
recursively in terms of d + 1 rank restrictions on functions of sub-blocks of A, found by projecting
its column and row spaces into appropriate subspaces, P, LQijj |+ thefirst j = 1,...,d conditions
are reduced rank restrictions that establish that the order of the pole is greater than j — 1 and the
last one is the full rank condition that establishes that the order of the pole is exactly d. For d =1
the ELRF coincides with the rank condition in Theorem 3 of Howlett (1982) and the I(1) condition
in Theorem 4.1 in Johansen (1991) and for d = 2 with the (2) condition in Theorem 3 in Johansen
(1992). The ELRF is thus a generalization of the approach in Howlett (1982) and Johansen (1991,
1992), in which the order of the pole (1 or 2 only) is established recursively by checking the rank
of a sequence of matrices until a full rank condition is satisfied.

The second part of Theorem 3.1 gives a recursive expression of the Laurent coefficients { B, }22
in terms of the output of the ELRF: the leading coefficient By = —)\quézél is the Moore-Penrose
inverse of the last rank factorization in the ELRF, P,, Qq4F,, = —zuadﬁé, and the remaining ones

are calculated recursively via (3.1). Pre-multiplying (3.1) by 3}, one finds

0 forn=20
BaBo = =My, BjBn= Au@;Qj1Bn1 forn=1,...,d—j—1 , j7=0,...,d-1.
)\ud;'Qj—f—an—l — )\u@;‘ forn=d—3j

These relations dictate the reductions in the order of the pole of (I — Az)~! that can be achieved
by linear combinations. These are described in the next proposition, which states that knowl-

edge of {rj};-lzo fully characterizes the (unique) local Smith form A(z) of I — Az at z, while
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{a, B, Qj+1,Cjs1n}j=0...d n=0,..d enable to construct two (non-unique) extended canonical sys-

tems of root functions I'(z) and W¥(z), see Gohberg et al. (1993) for definitions and properties.

Theorem 3.2 (Local Smith factorization via ELRF). Given the output of the ELRF in (3.2), for

J=0,...,d define the r; X ny matriz functions v;(z)" and j(z)" as
I\ AL . c .
i (2) = Bi )\ua]Q]/H(l Auz) for]‘ - 0,...,d—2 (3.4)
B; forj=d—-1,d
and 1;(2) = —a} + Zi:l &Cj1,d—j+k(1 — A\u2)¥ and the n, x n, matriz functions T'(z), A(2)
and ¥(z) as
0(2)’ (1= Auz)Iy Yo(z)’
[(z) := : , Az) = - ;o (2) = :
Ya(2) (1= Au2)r, ta(2)
Then
U(2)(I — Az) = A(2)[(z),  [W(z)]#0,  [I(z)| #0, (3.5)

i.e. A(z) is the local Smith form of I — Az at z, and ¥(2),T'(z) are extended canonical systems of

root functions.

This shows that the distinct partial multiplicities of I — Az at z, coincide with {j : r; > 0} in
the ELRF and that there are exactly r; partial multiplicities equal to a given j. This characterizes
the local Smith form and thus, see Corollary 4.4 in Franchi and Paruolo (2016), the Jordan form

of A results

I, @ Iy, .d

J= ( D > Ly, = , (3.6)
JG(A)\Au I ®Jy 4
T1 Uy

where J), is the Jordan structure of A that corresponds to the eigenvalue Ay, Jy(a)\», collects
the Jordan structure of the remaining eigenvalues and J), ; is a Jordan block of dimension j with
eigenvalue \,. Eq. (3.6) shows that there are exactly r; Jordan blocks of dimension j =1,...,d in
Jy,, which has thus dimension Z;l:l jrj. Moreover, using I'(z) or ¥(z) one can construct similarity
transformations X such that AX = X .J, see Corollary 4.4 in Franchi and Paruolo (2016).

Since (3.5) implies T'(2)(I — Az)~! = A(2)1¥(z), one has

>\u j ! / —1! .
W= 497 = G ) =, =0 (3.7)
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which shows that the blocks v;j(z)" of r; rows in I'(z) = (y0(2),- - ,74(2))" are root functions of
order d — j of (I — Az)™!; moreover, because 1;(z,)’ has full row rank, v'y;(2) (I — Az)~! has pole
of order j for any 0 # v € C™, and in this case the pole is said to be irreducible.

It is next shown that knowledge of I'(z), A(z) and ¥(z) fully describes the pole cancellations in
the MA transfer functions. Substituting e; = y; — C'z; in the state equation and rearranging one

finds the associate (AS) state space form

Tir1 = Fxy + By, F:=A—-BC € R"=*X"=
yr = Cxy + &4,

from which one finds the representation of x; in terms of y, i.e.
@y = Ty y(L)ys, Tpy(z) = — Fz) !Bz

Because Ty . (2) = Ty (2)Ty(2), see Theorem 2.1 in Bart et al. (2008), it follows from (3.7) that

A\j(z) Bz

Vi (2) Tee(2) = £(2) Tye(z) = TESWIR Yi(zy)'B = —a’ B, j=0,...,d, (3.8)

J

where £;(2)" := 7;(2) Ty.y(2), s0 that 7;(2) Ty (2) and £;(2)'Ty () have an irreducible pole of order
j=1,...,d and no pole for j = 0 at z,. Truncation of é’j(z)’ up to degree max(0,d — j — 1) leads

to the following result.

Theorem 3.3 (Pole cancellations in the MA transfer functions). Consider ~;(z)" in (3.4) and
let &(z) = Zgﬁé(o’d_j_l) (L= Ayz)" be the truncation of £i(2)" := 7j(2) Tuy(2) up to degree
max(0,d—j—1). Then v;(2) Ty (z) and §;(2)' Ty :(2) have an irreducible pole of order j =1,...,d
and no pole for j =0 at z, and

;’,n = ﬂ;Tn — )\uc_k;-Qj+1Tn_1, T 1:=0, Ty := GyBz,,

3.9
T, := —Go(I — Go)" Ty, Go = (I — Fz,)™ !, F:=A-BC. (3.9)

This shows that the matrix polynomial v;(z)" (of degree 0 or 1) is a root function of order d — j
of the MA transfer function T} .(z) and the matrix polynomial £;(z)’ (of degree max(0,d — j — 1))
is a root function of order d — j of the MA transfer function 7, .(z). Because of (3.5), this fully
describes the pole cancellations in the MA transfer functions.

As discussed in the next section, under the assumption that the largest eigenvalue of A is equal to
1, the order of integration of ~y; (L) z; and &;(L)"y: is given by the order of the pole of v;(2) Ty (2)
and §;(2)'Ty<(z) at z = 1 and hence Theorem 3.3 provides a full description of the cointegration

structure of x; and y;.
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4. COINTEGRATION STRUCTURE

The following notation is employed: u; ~ Ip.(d) indicates that u; is integrated of order d and it is
non-cointegrated, i.e. A%u; = U(L)e;, where g, is white noise, U(z) is finite for all z € C : |2| < 1+6
for some 0 > 0 and U(1) # 0 has full row rank.

Theorem 4.1 (Cointegration structure). Assume that 1 € o(A) and that 1 # A\, € o(A) implies
[Aul < 1, let (3.2) be the output of the ELRF of I — Az at z, = A\, = 1 and define ¢, by the rank
factorization —ayB = ¢('. Then xy ~ I(d) and y ~ I(d) if and only if rqg = ng — E?:_Ol r; >0,
Alzy = B(L)Bei_1 ~ I(0), A%y, = CB(L)Bei_1 + Ay ~ 1(0), where B(1) = —B4a,;, and

<P/’70(L)/33t ~ Inc(o)a SOIJ_’YO(L),$t = 07 ’Yj(L),l‘t ~ Inc(.])a

. b j = 17 MR | d7
QD/SO(L),yt ~ Inc(0)7 ‘p/LgO(L)/ - 07 fj(L)/yt ~ Inc(.?)a

/

where v;(z) and &;(z)" are found by setting z, = A, = 1 in (3.4) and (3.9) respectively.

Henceq (2.1) displays s := ranka,B < r relations that are I,,.(0) and rj relations that are

I.(j), 7 =1,...,d. These have the following expressions

¢’ (Byzre — apQ1Axy) ~ Ie(0) @ (BoToyt + €01 Y + -+ + & g 1 AT yr) ~ Ine(0)
Bl — 3 QaAzy ~ Ine(1) B1Tos + €11 Ay + -+ € 4 A2y ~ Te(1)
ﬁ&_gwt - aId_QQd—let ~ Inc(d - 2) ’ B&,QT()yt + 5&7271Ayt ~ Inc(d - 2) 7
By_1%t ~ Inc(d — 1) B 1Toye ~ Inc(d —1)
B(Iixt ~ Inc(d) ﬂ&TOyt ~ Inc(d)

which highlight how the properties of the processes change in the different directions provided by
the basis (5o, ..., 84) and how the Q. and the T. coefficients in the output of the ELRF and in the
associate transfer function T} ,(2) can be used to find the & . that deliver polynomial cointegration.
Observe that Bz — a(Q1Ax: = ¢(’e;—1 is white noise and that the ro — sg relations in x; and in
y: that are equal to 0 are of different type, because o', fyz; = ¢’ apQ1 Az, while ¢’ § ,, = 0 follows
from the fact that the column spaces of the 56’,1 coefficients belong to span .

Finally note that for d = 1 Theorem 4.1 reads x; ~ I(1) and y; ~ I(1) if and only if r; =
ng — 1o > 0, Azy = B(L)Bey_1 ~ 1(0), Ay; = CB(L)Bey_1 + Aey ~ 1(0), where B(1) = —j31af,
and

@' Bywe ~ Inc(0), ¢’ Byme =0, By ~ Ine(1),
@/ﬁ(l)Toyt ~ InC(O)a Wlﬁ(l)TO =0, ﬁiTOyt ~ Inc(l)a
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while for d = 2 one has z; ~ I(2) and y; ~ I(2) if and only if ro = n, —rg —ry > 0, A2z, =
B(L)Bei—1 ~ I(0), A%y, = CB(L)Bet—1 + A% ~ I(0), where B(1) = —Baal, and

' (Byze — agAAxe) ~ Inc(0), ¢’ (Bywe — agAAzy) =0, Bixe ~ Inc(j),
80/ (5[/)T0yt + g(ljylAyt) ~ Inc<0); QOILB(/)TO = (Plg(lll = 07 Bé'Toyt ~ Inc(])7

where &), = —(6yGo + apA)To.

4.1. A numerical illustration. This example is taken from Bauer and Wagner (2012) and it is

used to illustrate the results; consider (2.1) with

110 0 100
010 o Lo 101 02 ng =4,
A= .,  B= , C=|o011 -04 |, ny =3,
001 0 110
001 1 o(A) = {1,0.5}.
000 05 100

The state matrix A is already in Jordan form (3.6), so that d = 2, 79 = 1 = 1 and ry =

ng —r1 —ro = 2 and the ELRF of I — Az at z = 1 delivers

1 0 0 0 0 0 0 1
0 0 0 -1 1 0 0 0
w=| | =1 _5 = (a1,2), fo= 0 0 , BoL= Lo | T (B1, B2)-
0 1 0 0 0 —-0.5 0 0
Hence
1 1 0 bl 1
" B=_ , CBo=1|1 0[], —ahB = -1 0 0)=p,
Q| < 101 ) BoL e Qg 1 ( ) = ©C

so that 1 € o(A) is controllable and observable by Theorem 2.1, which implies x; ~ [(2) and
yt ~ I(2), and a\B has reduced rank sy = 1. The Laurent coefficients {B,}>2, in Az, =
B(L)Bei—1 ~ I(0), A%y, = CB(L)Bei—1 + A% ~ I(0), where B(z) = Y o0 B,(1 — 2)", are

computed via (3.1) and result

01 0 0 1 -1 0 0 0 0 0O
00 0 O 0O 1 00 0 0 0O
BO = ) Bl = » Bn = (_1)71 , N= 2737
00 0 O 0O 0 1 0 0 0 0O
00 0 O 0O 0 00 0 0 0 2
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The statements in Theorem 4.1 can thus be checked by direct computation as follows. Regarding

x¢, from
101
3 110
000 ! 00 0
B, | BoB = , B} BiB=|10 11|, pBB.,B=(-1)"" ,
g 00 0 Bh 00 0 100
0 000
101 1
ayAByB = , ayABB = 00 , ayAB,B = (-1)" 000 ,
00 0 00 0 100

for n =2,3,..., one verifies that 8,BpB has full row rank and hence g5z, ~ I,,.(2), that f{B1B —
d'ByB has full row rank for any ¢ and hence fjz; ~ I,.(1) and that 5,B1B — aj;AByB = 0 and
hence Bjx; — ajAAz, ~ I(0). Moreover, 3,BsB — a,AB1B = ¢(' and 3B, B — a,AB,—1B = 0,
n=3,4,..., confirm that ¢'(Byz; — ayAAz;) ~ In.(0) and ¢’ (Byz — ayAAx,) = 0.

Regarding g, from

¢ 9T 1/c 0.4 —4.2 0.1 = —(ByGo + agA)Ty = p(—c cic —cic)
20 " 0 1 28
51,0 = BlTO =c ) )
! ! 0 1 -1 ¢ =0.2632,
'fo,o BOTO —
0 1 -1 c1 = 0.3684

where the expressions of f,’,,, Ty = GoB, Go = (I — F)~!, and F = A — BC are found by setting
zZy = Ay = 1 in (3.9), and from

) 101
&0 00 0 ¢ 48 1/c 0
Go [CBB=| o o | ( }’O>C’BIB—C 10 1|, &oCBuB=(-1)"¢,
€0.0 00 0 0.0 1 0 1

1 01

1 0 1 ) ’ gé,chlB = @Ci? é.(/:),lCB’VLB = (_1)”*1¢Céj

é.[/)JCBOB = —C (

for n = 2,3,..., where ¢}, = 21, {; = ¢(—0.6216,1,1.3684) and ¢} = (0.3767,0,0), one verifies
that 5;700303 has full row rank and hence fioyt ~ In.(2), that §i’OCBlB — ¢'CByB has full
row rank for any ¢ and hence &) gyr ~ Inc(1) and that & (CB1B + §,;CBoB = 0 and hence
5670yt + 56’1Ayt ~ I(0). Moreover, the above expressions confirm that the column spaces of the 5(’)7,

coefficients belong to span ¢ and hence ¢'(§ gyt + &§01AYt) ~ Ine(0) and ¢, & o = ¢, &1 = 0.



13
5. A CHARACTERIZATION OF THE CANONICAL FORM IN BAUER AND WAGNER (2012)

Assume that e« € o(A), whereu =1,...,£and 0 < w; < --- < wy < 7, and that eT™@u £ )\, €
o(A) implies |\,| < 1. In this case, Theorem 2 in Bauer and Wagner (2012) proves the existence

of a canonical form that highlights the unit root structure of the system, defined in that paper as*

(W, (g1, --+591n)), 1<gi <--- < gp, u=1,...,¢, (5.1)

where h is the smallest integer such that (H, — e~ ™«I)* = 0, g, := rank(H, — e~ ™@e])"=F —

rank(H, — e~ I)P=*+1 and

[91 Ql
y I, :
H, :=e "™n ” 0 ; Qr = e""(Ig, Ogixgpi1—gn)-
h—1
Iy,

Because H,, is a reordering of the Jordan structure of A that corresponds to the eigenvalue e~

and the latter is characterized by the ELRF in (3.6), the following result holds.

Theorem 5.1 (State space unit root structure via ELRF). The state space unit root structure in
(5.1) is such that h = d and g = Z?:d—k—&-l i, where d and {r;};—o,. .4 are defined by the ELRF of

I— Az at z, = e™v.

Thus the ELRF provides a characterization of the canonical form in Bauer and Wagner (2012),

which is a realization of the state space unit root structure.

6. CONCLUSIONS

The rank restrictions implied by minimality and those related to the Jordan structure of the
state matrix fully characterize the integration and cointegration properties of a state space system
in the general I(d) case. The ELRF has been shown to deliver a full description of all the relevant
quantities and because it can be performed at any (stationary, unit, explosive) eigenvalue, the

present results are not specific to the unit root case.
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APPENDIX A. PROOFS

Proof of Theorem 2.1. For the PBH rank test, see e.g. Theorem 6.2-6 in Kailath (1980),
(2.1) is controllable if and only if rank(A — A, I, B) = n, for all A\, € C and it is observable
if and only if rank(A’ — \,I,C") = n, for all A\, € C. Because rank(A — \,I) = n, implies
rank(A — \, I, B) = rank(A’ — A\, I, C’) = ng, such rank conditions are not informative unless A, is
an eigenvalue of A. Let A\, be an eigenvalue of A, use A — \, ] = af, and the projection identities
I = apaf,+ agray, = BoBy+ BorBh, to write

By 4B )
0 oy B )’

A=\ aof) [ a0 B0
C ~\ CBuBy+CBuuBy, )\ CBo ChBor Bo. )

This shows that A, is controllable if and only if rank(ofy, B) = n, — 79 and it is observable

(A—)\ul B)z(aoﬁ(’) 0505(6B+5£0L046J_B):(a() 540L)<

if and only if rank(CBp; ) = ny — ro. Because (2.1) is minimal if and only if each eigenvalue is
controllable and observable, minimality is equivalent to rank(af B) = rank(Cfy,) = ng — 1o for
each \, € o(A). [ ]

Proof of Theorem 2.2. Substituting I — Az = (I — Az,) + (1 — \y2)Az, and (I — Az)~! =
(1 —Xu2)"%B(2) in (I — Az)(I — Az)~! = I, one finds

B(2)
(1 — Ay2)?

B(z)

(I — Az,) W

+ Az, =1

Because (I — Az,)B(z,) is the only term that loads (1 — A,2)~% in (I — A2)(I — Az)~! = I, then
(I — Az,)B(z,) = 0. Similarly, starting from (I — Az)~}(I — Az) = I one finds B(z,)(I — Az,) =0
and hence (I — Az,)B(zy) = B(zu)(I — Az,) = 0. Because I — Az, = —z,(A — \I) = —zya0/3)
and B(z,) # 0, it follows that B(z,) = By1 ¢aj, for some non-zero ¢. Then Cfy | ¢y, Bz, is the
leading coefficient of T, .(2) = I + (1 — A\,2)"¢CB(2)Bz at z,. By Theorem 2.1, )\, is controllable if
and only if rank(oyy | B) = n, —ro and it is observable if and only if rank(C Gy ) = n, — ro; because

CPBoLdogy, B =0 and rank(Cpy ) = rank(eyy, B) = ny—ro imply ¢ = 0, one reaches a contradiction

and hence it follows that Cfy ¢y, B # 0. This shows that the poles of Tj .(2) = (?_(’;)B')Zd and
Tye(z) =1+ (Clljs\zu)f)j coincide with those of (I — Az)~1. [

Proof of Theorem 2.3. The assumption 1 € 0(A) and |\,| < 1 for any 1 # A\, € o(A) implies
(I — Az)~' = (1 — 2)7%B(z), where B(z) is finite for all |2| < 1+ ¢ for some § > 0 and B(1) # 0;
then, see Theorem 2.2, the same holds for the MA transfer functions T -(2) = (1 — 2)"?B(z) Bz
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and T, .(2) = I + (1 — 2)7¢CB(2)Bz, where CB(1)B # 0 by minimality, and thus one finds
A%z = B(L)Bey_1 ~ 1(0) and A%y, = CB(L)Be;_1 + A%; ~ I(0), which show that x; ~ I(d)
and y; ~ I(d). [

Proof of Theorem 3.1. Substituting I — Az = Ay + A1(1 — \y2), where Ag := I — Az, and
Ay = Azy, and (I — A2)71 =30% 1 Bp(1 — Ay2)" 4in (I — A2)(I — Az)~! = I, one finds

AoBO =0, AQBn + A1B,—1 = 1n:dIa n=12..., (Al)

where 1. is the indicator function. In the following, equations in system (A.1) are indexed according
to the highest value of the subscript of B,,; for instance AgBy = 0 is referred to as equation 0. Note
that the identity appears in equation d, which is the order of the pole. Because I — Az, = —z,a0/3),
equation 0 implies 3\By = 0 so that By = Ps, By + Pg,, By = Pg,, By and equation 1 reads
AoBy + AP, By = 11=q4I. Moreover, because A; = Az, = I + z,a0f3), one has P,, A1 = P,

0L oL

and Ay Pg,, = Pg,, and hence equation 1 becomes —zu By B1 + Pg,, By = 11—41.
The proof of Theorem 3.1 is based on rewriting equation n > j = 0,1,... in system (A.1l) as

ZuajB}Bn_j = Pa]-le-i-an—j—l + PajLCj“l‘l,n_j? (AZ)
where a;, 8; are defined by the rank factorization

a; = (ap,...,aj-1)

Pa- QPb = _ZUO‘AB/W )
LRI I b] = (607“'7/8j—1)

Q; is defined by the recursions
Q) :={ R S fory =1 , (A.3)
wWQj-1) 31— BidiQir1 for j=2,...,d+1
and Cj41,, is defined by the recursions
Ciiin :={ . ey (A4)
i1+ M@ > Bid;Ciyrn for j=1,....d
The proof of (A.2) is by induction. For j = 0, (A.2) reads z,008,Bn = Pa,, Q1 Bn—1+ Pay, C1.ns; by
definition, Q1 = Azy, C1,, = —1p=q and ag = by = 0, which implies P,,, = P,,, = I. Hence (A.2)
for j = 0 coincides with equation n in (A.1). Next assume that (A.2) holds for j = 0,...,¢ —1
for some ¢ > 1; one wishes to show that it also holds for j = ¢. Write (A.2) for j = ¢ — 1,
zuoag,lﬁg_an,gH =Po, , QeBn_¢+Ps, ,, Copn_¢+1, pre-multiply by F,, and rearrange terms to
find
0="P,, QiBp—¢+ Py, Copys1:=U+V. (A.5)
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Inserting I = P, + B,,, between (), and B,,_, in U one finds
U= Pay QuePy, Bn o+ Poy QePy, By g =: Uy + Us.
Substituting P, = Pg, +---+ Pg, ,, one has Uy = P, Q ZZ o P8, Bn—¢, where
P, B¢ = M\Bi0iQit1Br—i—1 + M\uBic@iCit1 ms,

is derived using the induction assumption and replacing n with n — ¢ + j and j with 7 in (A.2).

Substituting in Us, one finds

-1 -1
Us = Py, (Aqu Z @'Oéé@iﬂ) By -1+ Py, <>\uQe Z 5¢Oé§cz'+1,n—z> ;

hence using (A.3) and (A.4), one has Uy +V = P,, Qui1Bn—¢—1+Pa,, Cr+1,n—e so that substituting

the rank factorization P,, Q/Py,, = —zu0yf; in U; and rearranging terms, (A.5) is rewritten as

!
200y By = Py, Quy1Bn—r—1+ Py, Cot1n—sp.

This shows that (A.2) holds for j = ¢ and completes the proof by induction. Replacing n — j with

n one rewrites (A.2) as

Zuajﬂ;-Bn :PajJ_QjJr]_an]_‘FPaJJ_C +1,n5 7=0,...,d, n=20,1,..., B_1:=0, (AG)
where
0 forn<d—j
Ciyin= —I forn=d—j (A.7)
0 forn >d

follows from the definition of Cj 115, in (A.4). Setting n = 0 in (A.6) and substituting P, Q; P, =
—2yaj3; one then finds Py, QP Bo = 0, j = 0,...,d — 1, and Py, Qils,, Bo = Pu,, , be-
cause the identity is in equation d in (A.1). This shows that (I — Az)~! has a pole of order
d € Ny at 2, if and only if rj := rank(FPy;, Q;F,, ) < rank Py, =: v, j =1,...,d — 1, and
rq = rank(P,, Q4P ) = rank P,, =: v, This completes the proof of the first part of the

statement of Theorem 3.1. The recursion for the Laurent coefficients in (3.1) is found as follows:

pre-multiplying (A.6) by Bj@; to find
ZuPB BJO‘ Qj+1Bn 1+ /Bja Cj+1 ns (AS)

sum over j, use the projection identity Z?:o Ps; = I and rearrange to find

d d
MY BidiQia | Buoa 4 | A BidiCiianm | - (A.9)

i j=0
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This completes the proof. |

Proof of Theorem 3.2. Pre-multiplying (A.9) by ,B} and rearranging one finds
5;Bn — /\udej-i-an—l = )\uo?}CjH,n. (AlO)

Next consider
(I—Az)~ Z Bh(

and pre-multiply respectively by ﬁ;- and by (1 — )\uz) uoszjH to find

(I—Az)~ ZﬁB (1-22)"™  (1-Au2) M@ Qi1 (I—A2)™ ZAaQﬁan L(1=Ay2)"™

Subtracting the two expressions and rearranging one has

o0

(ﬂ; — (1 — Auz)Aud;Qj+1) (I — AZ)_l = Z (ﬂ;Bn — Aud;Qj+1Bn_1) (1 — )\uz)”_d,

n=0

and hence, substituing (A.10) in the rhs of the equation, one finds

Vi (2)' (I = Az)7h =, Z O_‘;CjJrl,n(l - )‘uz)n_d>
n=0

where ~;(z) = ﬁ; —(1- )\uz))\uo_z;-QjH. Because Cjt1, = 0 for n+j < d and Cjy1,, = 0 for
n > d, see (A.7), one finds

J
vi(2) (I — Az) "L =\, Z &Ci 11— Xa2)" = (1= M2) A D &Cj41,0-j4m(l = Auz)"
n=d—j n=0

ie.

/ -1 _ )‘uwj(z)l
7i(2) (I — Az) f= ma

where 1;(z) =S a;Cj41,d—j+n(1 — Au2)". Note that v;(2y)" = 8} and because Cj14-j = —1
for j =0,...,d, see (A.7), ¥j(2u) = —a;Cj414-5 = —@}, so that I'(2) := (10(2),...,74(2))" and
U(2) := M\(Yo(2),...,%4(2)) are non-singular at z,. Stacking (A.11) one thus finds

j=0,....d, (A.11)

D) = A2)" = A(x) 7' 0(2),  [P(z)| #0,  |[W(z)] #0,

which shows that A(z) := diag((1 — A\y2)°Lrg, - - -, (1 — Ay2)?1,.,) is the local Smith form of I — Az

at z, and I'(z), ¥U(z) are extended canonical systems of root functions. [

The proof of Theorem 3.3 is based on the following lemma.
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Lemma A.1 (T}, coefficients). Let F := A— BC and z, := \;', 0# A\, € 0(A). Then I — Fz, is
non-singular and Ty () = (I — Fz,) " Bz, # 0, i.e. the poles of the AS transfer function do not

coincide with those of (I — Az)~'. Moreover,

GoBz, # 0 formn=20

A12
—Go(I—Go)nflT(] form=1,2,... ’ ( )

Toy(2) = Tu(l=Mu2)", T = {
n=0
where G := (I — Fz,)~!.

Proof of Lemma A.1. It is first shown that if A\, € o(A) is controllable and observable then
Ay ¢ o(F) and hence I — Fz,, = —z,(F — A\,I) is non-singular at z,. Use the projection identities

I = apaf,+ agrapy, = BoBy+ BoLBh, to write

C

(o o )T B (o 0 (A
= ap agL 0 —a),B CBy CPBoL B(/)L .

Because rank(a6 | B) =rank(Cfy1 ) = ng —ro, one has that F'— A, [ is non-singular and hence A, is

_ o _ Bo
F-MI=A—-X\JI-BC=ayB,—BC=ay —-B

not an eigenvalue of F'. Because F'— A\, I = —\, (I — F'z,), this shows that I — F'z, is invertible and
thus 2, is not a pole of T;, ;(2) := (I — Fz) "' Bz. Moreover, because T} ,(zy) = (I — Fz,) 1 Bz, = 0
implies B = 0, this proves the first part of the statement. Next it is proved that

GoBz, # 0 forn=0

, Go:=({I—-Fz)"
—Go(I — Go)n_lTo forn=1,2,... 0 ( : )

Toy(z) =Y Tu(1=Mu2)", T = {
n=0

Let (I — Fz)7! =3¢/ Gy(1 — A\y2)" and write I — Fz = Fy — F1(1 — A\y2), where Fy = I — Fz,
and Fi = —Fz,. Then (I — Fz)(I — Fz)~! = I implies GoFy = I and G,Fy = G,_1F; for
n = 1,2,...; hence Gy = Fy ! and G, = G,_1F1Go for n = 1,2,..., ie. G, = (GoFy)"Gy
for n = 0,1,.... Because F; = Fy — I one has GoFy; = I — Gy and hence G,, = (I — Go)"Gy,
n = 0,1,.... Summing and subtracting (I — Fz) !Bz, in T, ,(z) := (I — Fz) !Bz one finds
Typy(z) = (I —Fz) !Bz, — (I — F2) "' Bzy, (1 — A\y2); substituting (I — Fz)™! = 3%  Gp(1— Ay2)"
and rearranging one has T (2) = GoBzy + > pey GnBzy(1 — Ay2)™ — > 00 | Gpo1Bzy (1 — A\y2)"
and hence

Ty y(2) = GoBzu+ » (G — Gn1)Bzy(1 = Ay2)".

n=1
Using G, = (I — G¢)"Go, n = 0,1,..., one finds G, — G,,_1 = —Go(I — Go)" Gy, n=1,2,...,
and hence Ty, = —Go(I — Go)" Ty for n =1,2,.... This completes the proof. [ |
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Proof of Theorem 3.3. Eq. (3.8) shows that 7;(z) Ty c(z) has an irreducible pole of order j =
1,...,dand no pole for j = 0 at z,. From the convolution of v;(z)" := 8;— A&} Q;+1(1-Ay2) in (3.4)
and Ty, (2) = 300 T (1 — Ay2)™ in (A.12) one finds £ (2) = 7;(2) Ty (2) = 3200, §in(1=u2)",

where

B/'Tn_)\uo_/'Q'—&-lTn—l for j=0,...,d—2
Lo = BiT, L= J 177 T , =1,2,.... (A.13
g],o /Bj 0 5]771‘ { B;Tn forj:d—]_’d " ( )

Writing &:(2) = &;(2) + (1 — Ay2)% 7 p;(z)’, where
J J Pj
el (1= z)" forj = —2

£(2) = Ym0 ]7( Au?) fOI" j - 0,...,d (A.14)

0 or j=d—1,d

is the truncation of éj(z)’ up to degree max(0,d—j —1) and p;(z)’ is defined accordingly, and using
Tye(2) = I+ (1 —X\2)"4CB(2)Bz, one finds

&i(2)/ Tye(2) = §(2) Ty e(2) + (1 = Auz) 7 pj(2) + (1 = Muz) 7 p;(2) CB(2) B=.

Substituting into (3.8) and rearranging, one has

At (2) Bz — p;(2)CB(z)Bz

§i(2)Tye(2) = 1= o) — (1= Xu2)¥pi(2), (A.15)
where
Mitpj(zu)' B = pj(20) CB(zu) B = —(Auly;,  — f},dijBd) ( O:éfB ) (A.16)
a,B

has full row rank for j = 1,...,d by minimality. This shows that &;(z)'T} .(z) has an irreducible
pole of order j = 1,...,d and no pole for j = 0 at z,. This completes the proof. |

Proof of Theorem 4.1. The first part of the statement follows directly from Theorems 2.3 and
3.1. Next set z, = A\, = 1in 7;(2) in (3.4) and §;(2)" in (3.9) and consider v;(L)'z; and &;(L)"y; for
Jj=1,...,d. Because v;(2) Ty (z) and &;(z)'Ty(z) have an irreducible pole of order j = 1,...,d at
z =1, see Theorem 3.3, one has v;(L) x; ~ In.(j) and &(L) yr ~ Le(j) for j =1,...,d. Next set
j = 0 and consider vo(L)'z; and & (L)'y:. Regarding (L) y;, from (3.8) one has vo(2) Tye(2) =
—a( Bz, where the rank of —a(,B is unrestricted, see the discussion below (3.3); from the rank

factorization —a(B = ¢¢’ one then has ¢'v9(2)' Ty (2) = ('z and ¢, v0(2)' Ty c(z) = 0 and hence

(L) xy = ('erm1 ~ Ine(0), 1 70(L)'x = 0.
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Finally consider & (L)"yy; it is first proved that ¢'§0(L) y; ~ I,,(0). From (A.15) and (A.16) one
has &0(2)'Ty(2) = vo(2) Bz — po(2)CB(2) Bz — (1 — 2)%po(2)’, where

—/ —/
ay,B a,B

$o(1)'B — po(1))CB(1)B = (I, £ 4CBa) ( —aoB ) = (¢ &.4CBa) ( ¢ ) :

!
The last matrix has full row rank because B = apayB +ag o, B = (—aop aoL) ( B ) , SO
that rank B = n, — ro + s, where sg := rank(a(B); hence
_ C/
& o1 B~ (1Y CBO)B) = (I, ¢/60,CF0) (7,
d

has full row rank and thus ¢’'&g(L)"y: ~ I,.(0).

It is next proved that ¢’ o(2)" = 0; setting j = 0 and A\, = 1 in (A.13) and (A.14) one finds
é0(2) = Sz ol — 2)", where

- BoTo forn =0 T _ GoB forn=0
Om 7 BoTn —ah@iToy forn=1,2,... = " | =GoI—Go)" Ty forn=1,2,...

and Gg = (I — F)~!. It is next shown that

o('(I = CTy)  forn=0
S =19 @C'CGTy— & forn=1 , (A.17)
o('CGyTy, 1 forn=2,3,...
which implies ¢/, &, = 0 for n =0,1,... and hence ¢/, &(2)" = 0.
First consider & 5 = SyGoB; from F' = A— BC and A —1I = agfj, one has [ — F' = —afy + BC
and hence post-multiplying by Gy one has I = —aof),Go + BCGy. Pre-multiplying by &, one finds

5&6 = —ﬁ(l)Go + d{)BCGO (A.18)

and rearranging one has §,Go = —a;, — ¢(’'CGy, where the rank factorization —ajB = ¢¢’ has
been employed. Post-multiplying by B one thus has GoB = ¢('(I — CGoB). This shows that
(A.17) holds for n = 0.

Next consider &, = 8yTn — agQ1Tn-1, n = 1,2,...; from Q1 = A and A — I = apf3, one has
ayQr = ay(I + apfB)y) = ag + B so that

—G()TO - TO forn=1

bn =BTy —Th1) —agTp_1, n=12,..., Tp—T, 1= ,
Son = FolTn n-1) 0fn—t " et { —GoTh-1 forn=2,3,...
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where the expression of T, — T;,—1 follows from (A.12). Pre-multiplying T}, — T;,—1 by 3, one finds

—ByGoTo — ByTy  forn=1
—B5GoTh-1 forn=2,3,...

and substituing —8,Go = &g + ¢¢'CGo, which follows from (A.18), and —3;Ty = —F;GoB = —&

/86(Tn - Tn—l) = {

one has
ap Ty + pC'CGoTy — & forn=1
BTy — Tyy) = | 070 ©C FoTh £0.0 ,
ogln—1 +¢¢'CGoT—1 forn=2,3,...
which shows that (A.17) holds for n = 1,2,... and completes the proof. |

Proof of Theorem 5.1. The Jordan structure Jy, of A that corresponds to the eigenvalue A\, =
e~ ™u has exactly rj Jordan blocks of dimension j =1,...,d, see (3.6). Because h is by definition
the index of A, as an eigenvalue of A, and this is equal to the size of the largest Jordan block, one has
h = d. Moreover, because H, and Jy, are similar, gz := rank(H, —\,I)9 % —rank(H,—\, 1) ! =
rank(Jy, — A 1) F —rank(J, — A\ D) F ! = wy_jo1, so that (gg4,...,91) = (wi,...,wy) is the Weyr
characteristic of A associated to A\, and hence gq—;4+1 — ga—; = wj — wjy1 is the number of Jordan
blocks of dimension j, see Section 3.1 in Horn and Johnson (2013). Solving g4—j+1 — ga—j = 75,

where gg := 0, one finds g = Z?Zd#ﬁl rjfork=1,...,d. [



