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ABSTRACT. This paper derives a generalization of the Granger-Johansen Representation Theorem
valid for H-valued autoregressive (AR) processes, where H is an infinite dimensional separable
Hilbert space, under the assumption that 1 is an eigenvalue of finite type of the AR operator
function and that no other non-zero eigenvalue lies within or on the unit circle. A necessary and
sufficient condition for integration of order d = 1,2,... is given in terms of the decomposition of
the space H into the direct sum of d+ 1 closed subspaces 7, h = 0, ..., d, each one associated with
components of the process integrated of order h. These results mirror the ones recently obtained
in the finite dimensional case, with the only difference that the number of cointegrating relations

of order 0 is infinite.

1. INTRODUCTION

The theory and applications of time series that take values in infinite dimensional separable
Hilbert spaces, or H-valued processes, are recently gaining increasingly attention in econometrics.
They allow to represent directly the dynamics of infinite-dimensional objects, such as bounded
continuous function on a compact.

An important early contribution to the literature of functional time series is Bosq (2000), where
a theoretical treatment of linear processes in Banach and Hilbert spaces is developed. There,
emphasis is given to the derivations of laws of large numbers and central limit theorems that allow
to discuss estimation and inference for H-valued autoregressive (AR) models.

Empirical applications of functional time series analysis include studies on the term structure of
interest rates, Kargin and Onatski (2008), and on intraday volatility, Hormann et al. (2013) and
Gabrys et al. (2013). The recent monographs by Horvath and Kokoszka (2012) and Kokoszka and

Reimherr (2017) and the review in Hérmann and Kokoszka (2012) report additional examples.
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In a recent paper, Chang et al. (2016) present statistical tools for functional time series that are
integrated of order one, I(1), and find evidence of unit root persistence and cointegration in the
time series of the several coordinates of the cross-sectional distributions of individual earnings and
the intra-month distributions of stock returns.! The framework proposed by Chang et al. (2016) has
(by construction) a finite number of I(1) stochastic trends and an infinite dimensional cointegrating
space. The theory is developed starting from the infinite moving average representation of the first
differences of the process; the potential unit roots are identified and tested through a functional
principal components analysis.

In a different vein, Hu and Park (2016) start from an AR process of order one with compact
AR operator and provide an I(1) condition that extends the Granger-Johansen Representation
Theorem, see Theorem 4.2 in Johansen (1996), to I(1) H-valued AR(1) processes. The corre-
sponding common trends representation, or functional Beveridge-Nelson decomposition, displays a
finite number of I(1) stochastic trends and an infinite dimensional cointegrating space. They fur-
ther propose an estimator for the functional autoregressive operator which builds on Chang et al.
(2016).

Beare et al. (2017) consider an H-valued AR(s), s > 1, process with compact AR operators
and provide a reformulation of the Johansen /(1) condition that extends the Granger-Johansen
Representation Theorem to this more general setup. Again here, the number of /(1) stochastic
trends is finite and the dimension of the cointegrating space is infinite.

Finally, Chang et al. (2016) consider an error correction form with compact error correction
operator and show that in this case the number of I(1) stochastic trends is infinite and the dimension
of the cointegrating space is finite. Moreover, the Granger-Johansen Representation Theorem
continues to holds in a form similar to the finite dimensional case.

The present paper provides an extension of the representation results in Beare et al. (2017) and
Hu and Park (2016) for H-valued AR processes in the generic I(d), d = 1,2,... case, under the
assumption that 1 is an eigenvalue of finite type of the AR operator function and that no other
non-zero eigenvalue of the AR operator lies within or on the unit circle. It is found that the
conditions and properties in the H-valued cointegrated AR processes coincide with those the finite
dimensional AR processes, except for the fact that the number of cointegrating relations of order
0 is infinite for H-valued cointegrated AR processes.

The assumption that 1 is an eigenvalue of finite type of the AR operator function means that
the inverse of the AR operator function has an isolated pole at 1, as in the finite dimensional case.
The assumptions in Hu and Park (2016) and Beare et al. (2017) imply that 1 is an eigenvalue of
finite type (but not viceversa), and hence the present analysis applies to those setups as special
cases.

IBeare (2017) argues that the nonnegativity property of densities is not compatible with the postulated unit

root nonstationarity. Nevertheless, while concurring that the framework in Chang et al. (2016) is useful for generic

H-valued processes.
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A necessary and sufficient condition for I(d), d = 1,2,..., in terms of the decomposition of the
space H into the direct sum of d + 1 closed subspaces, that are defined recursively from the AR
operators, H = 10 ® 7 @ --- D 74, where 7y is closed and infinite dimensional and 73, is closed
and finite dimensional for A = 1,...,d. The infinite dimensional subspace 70 ® 71 ® - - - D 74— is
the cointegrating space of x; while the finite dimensional subspace 7, is the attractor space of the
I(d) stochastic trends. Hence an H-valued cointegrated AR process x; has a finite number of I(d)
stochastic trends and infinitely many cointegrating relations.

The properties of (v, z;) vary with v in H: for v € 79, which is infinite dimensional, one can
combine (v, z;) with differences A"z, for n = 1,...,d — 1 to find I(0) polynomial cointegrating
relations, for v € 71, which is finite dimensional (and can as well be equal to 0), one can combine
(v, z;) with with differences A"z, forn = 1,...,d—2 and find at most I(1) polynomial cointegrating
relations, and so on up to v € 74_1, which is finite dimensional (and possibly of 0 dimension), for
which (v, z) ~ I(d — 1) does not allow for polynomial cointegration. When v € 74, which is finite
dimensional and different from 0, one has (v, x4) ~ I(d), i.e. there is no cointegration.

For any v in the cointegrating space, the explicit expression of the coefficients of the polynomial
cointegrating relations is provided in terms of operators that are defined recursively from the AR
operators together with the sequence of 7.

The present results show that the infinite dimensionality of the space does not introduce addi-
tional elements in the analysis, apart from the fact that the number of I(0) cointegrating relations
is infinite. That is, the conditions and properties of H-valued cointegrated AR process coincide
with those that apply in the finite dimensional case.

The present derivations parallel the development of the representation theory for finite dimen-
sional autoregressive processes developed by Johansen (1996) for the I(1) and I(2) cases and ex-
tended in Franchi and Paruolo (2016) to I(d) processes. The present treatment makes extensive
use of projection matrices in the ambient space, as well as of Moore-Penrose generalised inverses.
These tools have direct counterparts both in the finite dimensional case in Franchi and Paruolo
(2016) and in the present infinite dimensional space.

The rest of the paper is organized as follows: the remaining part of this introduction reports
notation and preliminaries; Section 2 presents basic definitions and concepts and Section 3 reports
an existence result. Section 4 provides a characterization of I(1) and I(2) cointegrated H-valued
AR processes, Section 5 extends the result to the general I(d), d = 1,2,..., case and Section 6
concludes. Appendix A reviews notions and results on separable Hilbert spaces and on operators
acting on them, Appendix B presents basic facts on H-valued random variables and Appendix C'

contains proofs.

Notation and preliminaries. In the present paper H is an infinite dimensional separable Hilbert

space with inner product (-,-) and norm | - ||, where separable means that H admits a countable
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orthonormal basis. A random variable that takes values in H is said to be an H-valued random
variable and a sequence of H-valued random variables is called an H-valued stochastic process.

Let B(H) be the (Banach) space of bounded linear operators from H to H and consider A €
B(H); the closed subspace {x € H : Az = 0}, written Ker A, is called the kernel of A and the
subspace {Az : © € H}, written Im A, is called the image of A. The dimension of Im A, written
rank A, is called the rank of A. The set {v € H : (v,y) = 0forally € S C H} is called the
orthogonal complement of S, written S+, and Pg denotes the orthogonal projection on S, i.e.
Pgx =z for all z € S and Ker Pg = S+.

Let zp € Cand 0 < p € R; the set {z € C : |[z— 29| < p} is called the open disc centered in zy with
radius p, written D(zg, p). If a power series Y > An(z—20)", An € B(H), is absolutely convergent
for all z € D(z9,p), i.e. that Y ° || An|||z — 20|™ < oo for all z € D(zp, p), then > 7§ An(z — 20)"
converges in the operator norm to A(z) € B(H), i.e. that || Z;V:o Ap(z — 20)" — A(2)|| — 0 as
N — oo for all z € D(zg,p). In this case, the operator function A(z) = > 7 An(z — 20)" is said
to be absolutely convergent on D(zg, p).

Appendix A reviews notions and results on separable Hilbert spaces and on operators acting on
them and Appendix B presents the definitions of expectation, covariance and cross-covariance for

H-valued random variables.

2. BASIC DEFINITIONS AND CONCEPTS

This section introduces stochastic processes that take values in a separable Hilbert space H and
presents the notions of weak stationarity, white noise, linear process, integration and cointegration.
The definitions of weak stationarity and white noise are taken from Bosq (2000) while those of
linear process, integration and cointegration are adapted from Johansen (1996) and are similar to

those employed in Beare et al. (2017).

Definition 2.1 (Weak stationarity). An H-valued stochastic process {e;,t € Z} is said to be weakly
stationary if i) E(||le:||?) < oo, ii) the expectation of &; does not depend on t and iii) the cross-
covariance function of e; and e, is such that cc, e, (h,x) = Cepreurn(hox) for all h,x € H and all

s, t,u € 7.
The basic notion of H-valued white noise is introduced next.

Definition 2.2 (White noise). An H-valued stochastic process {ey,t € Z} is said to be a white
noise if i) 0 < E(||e¢||?) < oo, ii) the ewpectation of g, is equal to 0, iii) the covariance operator of
e does not depend on t, and iv) the cross-covariance function of e, and eg, c., o, (h,x), is equal to

0 for all h,x € H and all s #t,s,t € Z.

It is evident from the definition that any white noise is weakly stationary. The same property
applies to linear combinations of a white noise with suitable weights, which defines the class of

linear processes.
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Definition 2.3 (Linear process). An H-valued stochastic process {uy,t € Z} is said to be a linear

process if
oo
Ut = E Bret—n, By =1,
n=0

where {e,t € Z} is white noise, B, : H — H is a bounded linear operator and B(z) =Y o> Bpz"

is absolutely convergent on D(0, p) for some p > 1.

As discussed in Section 7.1 in Bosq (2000), existence and weak stationarity of uy = > " Bnet—n
are guaranteed if Y °° || By||? < co. Observe that the requirement that B(z) is absolutely conver-
gent D(0, p) for some p > 1 is stronger. In fact, Y~ || Bnl/|z|" < oo for all z € D(0,p), p > 1,
implies that Yo% o || By is finite, so that Y °° || B,||? is finite and u; in Definition 2.3 is a well
defined and weakly stationary process.

Moreover, the absolute convergence of B(z) implies that Y > B,z" = B(z) € B(H) for all
z € D(0,p), p > 1, so that B(1) = > ° By is a well defined bounded linear operator. This is
needed for the notions of integration and cointegration in Definition 2.4 below.

Finally note that the series obtained by termwise k times differentiation, Y >, n(n—1)--- (n—k+
1)B,z"*, is absolutely convergent on D(0, p), p > 1, and coincides with the k-th derivative of B(z)
for each z € D(0,p). Hence an absolutely convergent operator function is infinitely differentiable
on D(0,p). In the following A :=1 — L is the difference operator at frequency 0.

For simplicity, only the case of integration and cointegration at frequency 0 is considered in the

following; similar definitions hold for any other root on the unit circle.

Definition 2.4 (Integrated and cointegrated processes at frequency 0). A linear process uy =
B(L)e; is said to be integrated of order 0, written uy ~ I(0), if B(1) = > 02 Bp, # 0. An H-
valued stochastic process {xy,t = 0,1,...} is said to be integrated of order d (at frequency zero),
written x; ~ I(d), if A%y = B(L)e; ~ 1(0). An I(d) process x; is said to be cointegrated (at
frequency zero) if B(1) is non-invertible; in this case any non-zero vector v € (Im B(1))* is such
that (v, z¢) ~ I(d—j) for some j > 0 and any non-zero vectorv € Im B(1) is such that (v, z¢) ~ 1(d).
(Im B(1))* is called the cointegrating space of x; and Im B(1) is called the attractor space of the
I(d) trends.

Observe that I(0)-ness implies weak stationarity but not viceversa and that a white noise is
necessarily I(0). Also note that the notions of integration and cointegration in Definition 2.4 are
invariant to bounded linear invertible transformations of the process. That is, if x; ~ I(d) and
A is a bounded linear invertible transformation then Az; ~ I(d). Remark that the same invari-
ance property holds replacing A with A(z) = > 7, Anz", A, € B(H), invertible and absolutely
convergent for all z € D(0, p), p > 1.

The next definition introduces the class of processes that is studied in the present paper.
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Definition 2.5 (Cointegrated H-valued AR at frequency 0). Consider an H-valued AR process of

order s

Tt = ATJIt_l + -+ Agxt_s + Et,
where A5 : H — H, n =1,...,s, is a bounded linear operator and {e;,t € Z} is white noise as
in Definition 2.2, and define the AR operator function A(z) =1 — Ajz —--- — A%2%, z € C. An

H-valued AR process A(L)xy = &4 is said to be cointegrated (at frequency zero) if i) A(1) # 0, ii)
A(z) has an eigenvalue of finite type at z = 1, and iii) A(z) is invertible in the punctured disc

D(0,p) \ {1} for some p > 1.

Remark 2.6. Beare et al. (2017) consider H-valued AR processes ®(L)x: = &, (2) =1 — P12 —
-+« — ®p2%, for which whenever ®(z) is non-invertible one has either z = 1 or |z| > 1, and where
®,, are compact if s > 1. Hu and Park (2016) consider H-valued AR processes A(L)f: = &4,
A(z) = I — Az, such that A is compact and 1 is an isolated eigenvalue of A.

The present setup contains the ones considered in Beare et al. (2017) and Hu and Park (2016)
as special cases. In fact, because the sum of compact operators is compact, see Theorem 16.1 in
Chapter II in Gohberg et al. (2003), and I — B is Fredholm of index 0 if B € B(H) is compact,
see Theorem 4.2 in Chapter XV in Gohberg et al. (2003), ®(1) in Beare et al. (2017) and A(1) in
Hu and Park (2016) are Fredholm of index 0 and 1 is isolated, i.e. 1 is an eigenvalue of finite type.
For this reason both the processes considered by Beare et al. (2017) and Hu and Park (2016) are
cointegrated H-valued AR process in the sense of Definition 2.5. Hu and Park (2016) also discuss

estimators and asymptotic results for H-valued AR(1) models with a compact operator.

Remark 2.7. Chang et al. (2016), see their Assumption 2.1, study processes that satisfy Aw; =
®(L)ey = > 02 g Pnet—n, where > 7 n||®,|| < oo and Im®(1) is finite dimensional. As shown
below, a cointegrated H-valued AR process necessarily meets these requirements. Hence their

asymptotic analysis applies and their test can be employed in the present setup as well.

Remark 2.8. As shown in Chapter XI in Gohberg et al. (1990), the assumption that 1 is an
eigenvalue of finite type of A(z) implies that A(1) is Fredholm of index 0, which means that
dim Ker A(1) and codimIm A(1) = dim(H/Im A(1)) are finite and equal. Because Ker A(1) is
finite dimensional, it is complemented, see Theorem 5.7 in Chapter XI in Gohberg et al. (2003),
and hence its orthogonal complement (Ker A(1))* is closed. Moreover, because H/Im A(1) is
finite dimensional, Im A(1) is closed, see Corollary 2.3 in Chapter XI in Gohberg et al. (1990).
This shows that the subspaces Im A(1) and (Ker A(1))* are closed and infinite dimensional while
their orthogonal complements (Im A(1))* and Ker A(1) are closed and finite dimensional. Hence

(Ker A(1))*+ = Im A(1)*, where A(1)* is the adjoint of A(1).



3. EXISTENCE RESULTS FOR COINTEGRATED H-VALUED AR PROCESSES

This section presents an existence result in Theorem 3.1 for cointegrated H-valued AR processes
A(L)x; = e¢. This result is a direct consequence of Theorem A.1 in Appendix A. Theorem 3.1
shows that x; ~ I(d) for some d = 1,2, ... has necessarily finitely many I(d) trends, finitely many
I(5), 1 < j <d-—1, cointegrating relations and infinitely many 7(0) cointegrating relations. Apart
from the fact that the number of I(0) cointegrating relations is infinite, this mirrors the finite

dimensional case in Franchi and Paruolo (2017).

Theorem 3.1 (Existence results for cointegrated H-valued AR processes). Let A(L)x; = & be a
cointegrated H-valued AR process and assume that x; is I(d) for some d = 1,2,.... Then there

exist integers 0 = jo < j1 < jo < -+ < juw = d and projections Py, Py, ..., Py such that
H=ImPy®eImP, P ---®ImP~P,,

where Im Py, Im Py, ...,Im P, are closed, dimIm Py = co and 0 < dimIm P, < oo, h = 1,...,w.

In this case,
xy = Cosar + C15q-1,4 + - - + Ca_1514 + C*(L)et + o, Im Cy = Im Py,

where spy = Zle sh—1,i ~ I(h), sox = €, C*(L)ey is a linear process, and vy collects initial
values. This shows that Im Py @ Im Py & - -- @ Im P,,_1 is the cointegrating space of x; and Im P,
is the attractor space of the I1(d) trends. Moreover, there exists an operator function G(z) =
Yoo Gn(1=2)", Gy = I, invertible and absolutely convergent for all z € D(0, p), p > 1, such that

d—jp—1
(v, ) + Z (v, G A xy)

n=1

is I(jp) for all v € Im Py,.

Remark 3.2. In the I(1) case, one has w =1, 0 = jp < j3 = 1 in Theorem 3.1 and

t
2 =CoY e+ C*(L)er+v, ImCo=ImP, H=ImPyoImP,
=1

where C*(L)e; is a linear process, vg collects initial values, Im Py, h = 0,1 is closed, dim Im Py = oo
and 0 < dimIm P; < co. Because Im Cy = Im P; one has that Im P, is the cointegrating space of

x¢ and Im P is the attractor space of the I(1) trends. Moreover,
(v, ) ~ I(0) for all v € Im Py, (v,x) ~ I(1) for all v € Im P;.

Observe that the number of I(1) trends in z; is equal to dim Im P; and the number of I(0) cointe-
grating relations is equal to dim Im Py, so that x; has finitely many I(1) trends and infinitely many
I(0) cointegrating relations. This fact is also documented in Hu and Park (2016) and in Beare
et al. (2017). Apart from the fact that the number of 7(0) cointegrating relations is infinite, this

echoes the finite dimensional case, see Theorem 4.2 in Johansen (1996).
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Remark 3.3. In the I(2) case, one has either w=1orw=2. If w=1,0=jp) < j; =2 and

t S t
=0y > e+ 1Y e+ C* (L) +v, ImCo=ImP, H=ImR&ImP,
s=11i=1 i=1

where C*(L)e, is a linear process, vg collects initial values, Im Py, h = 0,1 is closed, dim Im Py = oo
and 0 < dimIm P; < oo. Because Im Cy = Im P; one has that Im Py is the cointegrating space of

x¢ and Im P is the attractor space of the I(2) trends. Moreover,
(v, ) + (v, G1Azy) ~ I(0) for all v € Im Py, (v,my) ~ I(2) for all v € Im P;.

Observe that the number of 1(2) trends in x; is equal to dim Im P; and the number of 1(0) cointe-
grating relations is equal to dim Im Py, so that x; has finitely many I(2) trends and infinitely many
I(0) cointegrating relations. Futher observe that v is either not cointegrating (when v € Im P;) or
it allows for polynomial cointegration (when v € Im Fy) of order 0.

In the I(2) case when w = 2, this does not hold; in fact, one has that 0 = jp < j1 =1 < jo = 2

and

t S t
2 =Co» > &i+C1Y i+ C* (L)eg+v, ImCo=ImP;, H=ImPR&ImP &lnP;,
s=1 i=1 i=1

where C*(L)e; is a linear process, vy collects initial values, Im Py, h = 0, 1,2 is closed, dim Im Py =
oo and 0 < dimIm P, < oo, h = 1,2. Because Im Cy = Im P, one has that Im Py & Im P, is the

cointegrating space of x; and Im P, is the attractor space of the I(2) trends. Moreover,
(v, ) + (v, G1Azy) ~ 1(0) for all v € Im Py, (v,x) ~ I(1) for all v € Im P,

and (v, z4) ~ I(2) for all v € Im P, so that there are cointegrating vectors that allow for polynomial
cointegration (when v € Im Fy) of order 0 and others that don’t (when v € Im P;). Observe that
the number of 1(2) trends in x; is equal to dim Im P», the number of I(1) cointegrating relations
is equal to dimIm P; and the number of I(0) cointegrating relations is equal to dim Im P,. Hence
x¢ has finitely many I(2) trends, finitely many (1) cointegrating relations and infinitely many
I(0) cointegrating relations. Apart from the fact that the number of 1(0) cointegrating relations is

infinite, this mimics the finite dimensional case, see Theorem 4.6 in Johansen (1996).

The same structure applies in general: from Theorem 3.1 one has that the number of I(d)
trends is equal to dim Im P; and the number of I(j;,) cointegrating relations is equal to dim Im Py,
h=0,...,w—1. Because dimIm Py = oo and 0 < dimIm P, < oo, h = 1,...,w, x; has finitely
many [(d) trends, finitely many I(j,), h = 1,...,w — 1, cointegrating relations and infinitely
many I(0) cointegrating relations. As in the I(1) and I(2) cases above, the finite and the infinite
dimensional cases are similar, apart from the fact that the number of I(0) cointegrating relations
is infinite, see Theorem 3.3 in Franchi and Paruolo (2017).

Finally observe that Theorem 3.1 provides information about the existence of the projections

Py, the dimensions of their images, the orders of integration jj, and the G,, operators which are
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relevant to describe the properties of a generic I(d) cointegrated H-valued AR process. However,
it is completely silent about how those relevant quantities are related to the structure of the AR
operators and how one can construct them in practice. Their form is described in Section 4 for the

I(1) and I(2) cases and in Section 5 for the generic I(d) case.

4. A CHARACTERIZATION OF I(1) AND I(2) COINTEGRATED H-VALUED AR PROCESSES

This section presents a characterization of /(1) and I(2) cointegrated H-valued AR processes
A(L)xy = &;. The I(1) case parallels the results in Beare et al. (2017), while the results for the I(2)
case are novel for the infinite dimensional case. All the relevant quantities are expressed in terms
of the coefficients of the expansion of the AR operator function A(z) =1 -3 _, ASz" around 1,

- -7 | AS for h=0
Az) =) Ay(1=2)" A= { eI . (4.1)

In Theorem 4.1 below a necessary and sufficient condition for x; ~ I(1) is given in terms of the
decomposition of the space into the sum of two closed subspaces, H = 19 & 7, that are defined
using Ag and Aj, see (4.2) and (4.3) below. The infinite dimensional cointegrating space coincides
with 79 and the finite dimensional attractor space of the I(1) trends with 73. In Remark 4.2 the
equivalence with the condition in Beare et al. (2017) is proved.

In Theorem 4.4 a necessary and sufficient condition for x; ~ I(2) is given in terms of the
decomposition of the space into the sum of three closed subspaces, H = 79 & 71 & T2, where 7o is
defined in (4.4) below using Ap, A; and As. The infinite dimensional cointegrating space coincides
with 79@® 71 and 79 is the finite dimensional attractor space of the I(2) trends. In 7y, which is infinite
dimensional, one finds the cointegrating vectors that allow for polynomial cointegration and in 71,
which is finite dimensional (and can as well be equal to 0), those that don’t allow for polynomial
cointegration.

The following notation is employed: consider Aj in (4.1) and define
CQ = Ion, Cd‘ = (ImAD)J', T0 = (Ker AO)J‘, Td‘ = Ker Ao. (4.2)

As shown in Remark 2.8, the assumption that 1 is an eigenvalue of finite type of A(z) implies that
the subspaces (o and 7y are closed and infinite dimensional, so that 7o = (Ker Ag)* = Im A}, while
their orthogonal complements Col and Td‘ are closed and finite dimensional. In the following, P,

indicates the orthogonal projection on x.

Theorem 4.1 (A characterization of (1) cointegrated H-valued AR processes). Consider a coin-
tegrated H-valued AR process A(L)xy = e, where A(z) is written as in (4.1). Let (o and 1o be as
in (4.2) and define
G=ImPy APy, 7= (Ker Py AP (4.3)
Then x¢ is 1(1) if and only if
H=m®m,



10

called the I(1) condition, where 79 and 11 are closed, dim Ty = 0o and 0 < dim7; < oo. In this

case,

t
$t20025i+0*(L)5t+UO, ImCy = m,
=1

where C*(L)ey is a linear process and vy collects initial values. This shows that Ty is the cointegrating

space of xy and Ty is the attractor space of the I1(1) trends. Moreover,
(v,) ~ I1(0) for all v € 1

and (v, x) ~ I(1) for allv € 11. Finally, the I(1) condition can be equivalently stated as H = (y® (1,

where (g and (1 are closed, dim (p = oo and 0 < dim (; < 0.

Remark 4.2. As shown next, the I(1) condition in Theorem 4.1 is equivalent to the I(1) condition
in Beare et al. (2017), H = (o ® A175-, see their equation (4.15). First assume that H = (o ® A175;
then I = Py, + Py, so that [ — Py = Py = Py 1. This implies that Ajrg- = P Ay =
Im Pcd_AlpTd_ = (3. This shows that H = {y @ (3, i.e. the I(1) condition in Theorem 4.1 holds.
Conversely, assume that H = (o & (1. Because (4 = ImPCOLA]_PTOL, one has that COL =( C
Im AlPTOL and hence dim (g < dim A;73"; because dim A;73- < dim75- = dim (g, one thus has
¢1 =1Im AlPTOJ_ = A175. This shows that H = (o ® AlTOL, i.e. the I(1) condition in Beare et al.

(2017) holds.

Remark 4.3. In the finite dimensional case H = RP, Franchi and Paruolo (2016) show that the (1)
condition in Theorem 4.2 in Johansen (1996) can be equivalently stated as RP = (o & (3 = 70 ® 71,
where (;, = span(ay), 7, = span(fy), h = 0,1, and the bases aj, By are defined by the rank
factorizations Ay = apf, and P%LA1PB0¢ = a1 3], i.e. they are full column rank matrices that
respectively span the column space and the row space of the corresponding matrix. Apart from
the fact that dim (y = dim 19 = rank Ag is finite when H = RP, this mirrors what happens in the

present infinite dimensional case.
The I(2) case is presented next.

Theorem 4.4 (A characterization of I(2) cointegrated H-valued AR processes). Consider a coin-
tegrated H-valued AR process A(L)xy = e, where A(z) is written as in (4.1). Let {y and 1o be as
n (4.2), let (1 and 71 as in (4.3) and let 25 = (o ® (1 and Fo = 179 ® 71; further define

CG=ImPyiAy 1Py, Ty = (Ker PgQLAZ,IPyQL)ly Ar1 = As — A1QoA, Qo = Af,
(4.4)
where Qo is the generalized inverse of Ag. Then xz; is I(2) if and only if

H=1®T1 &9,



11

called the I(2) condition, where 19, 71 and T2 are closed, dimTy = oo, 0 < dim7; < oo, and

0 < dim7y < co. In this case,

t s t
-Tt:COZZEi—FClZEi—i-C*(L)Et—F’Uo, ImC(]:TQ,
=1

s=1 i=1
where C*(L)ey is a linear process and vy collects initial values. This shows that 19 @ 71 is the

cointegrating space of x; and o is the attractor space of the 1(2) trends. Moreover,
(v, ) + (v, QoA1Azy) ~ I1(0) for all v € T, (v,¢) ~ I(1) for allv € 7

and (v,z¢) ~ I1(2) for all v € 7o. Finally, the I(2) condition can be equivalently stated as H =
Co ® 1 D Co, where (o, ¢4 and (o are closed, dim (g = oo, 0 < dim (4 < 0o, and 0 < dim (3 < co.

Remark 4.5. As shown in Theorem 3 in Chapter 9 in Ben-Israel and Greville (2003), if A € B(H)
and Im A is closed, then its generalized inverse AT exists and it is the unique solution of the
system AATA = A ATAAT = AT (AAT)* = AAT (AT A)* = AT A. The assumption that 1 is an
eigenvalue of finite type of A(z) implies that (o = Im A is closed, see Remark 2.8; hence Q) exists

and it is unique.

Remark 4.6. In the finite dimensional case H = RP, Franchi and Paruolo (2016) show that the I(2)
condition in Theorem 4.6 in Johansen (1996) can be equivalently stated as RP = (o ® (1 ® (2 =
To ® 11 @ T2, where (, = span(ay,), 7, = span(fy), h = 0,1,2, and the bases ay, [, are defined by
the rank factorizations Ay = aof3), PaéAlpﬁé = 1] and PGQL (Ag — AlQoAl)PIbL = a3}, where
as = (ag,a1), ba = (Bo, 1) and Qo = Bo(BhB0) L (o) Laf. Again here, apart from the fact
that dim {y = dim 79 = rank Ay is finite when H = RP, this is exactly what happens in the infinite

dimensional case.

Summing up, Theorem 4.1 shows that d = 1 if and only if 2 circumstances hold: the first, 7o C H
(or equivalently ¢y C H), establishes that d > 0 and the second, 71 = 75~ (or equivalently ¢; = (5-),
establishes that d = 1. In 79, which is infinite dimensional, one finds the I(0) cointegrating compo-
nents and in 7y, which is finite dimensional and different from 0, those that are not cointegrating.
The combinations of these circumstances makes up the I(1) conditions.

Similarly, Theorem 4.4 shows that d = 2 if and only if 3 circumstances hold: the first, 79 C H
(or equivalently (o C H), establishes that d > 0, the second, 71 C 7'0L (or equivalently (; C COL),
establishes that d > 1 and the third, 75 = (19 ® 71)* (or equivalently ¢ = (Co @ (1)) establishes
that d = 2. In 79, which is infinite dimensional, one finds the cointegrating components that allow
for polynomial cointegration of order 0, in 71, which is finite dimensional (and can as well be equal
to 0), those that are I(1) and don’t allow for polynomial cointegration, and in 79, which is finite
dimensional (and different from 0), those that are not cointegrating. The combinations of these
circumstances makes up the I(2) conditions.

As shown in the next section, this construction is true in the general I(d) case.
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5. THE GENERAL RESULT

This section extends the results in Section 4 to the general I(d), d = 1,2,..., case. Theorem
5.4 provides a necessary and sufficient condition for an H-valued AR processes A(L)x; = 4 to be
I(d) and it is shows that under this condition the space is decomposed into the sum of d+ 1 closed
subspaces, H = 10 ® 1 © - - - B 74, that are defined in terms of Ag, A1, ..., Ag in (4.1), see Definition
5.1 below. The infinite dimensional cointegrating space coincides with 7o ® 7 ® -+ B 74_1 and 7y
is the finite dimensional attractor space of the I(d) trends. In 7y, which is infinite dimensional,
one finds the cointegrating vectors that allow for polynomial cointegration of order 0, in 74, h =
1,...,d—2, which is finite dimensional and can as well be equal to 0, those that allow for polynomial
cointegration of order h and in 74_1, which is finite dimensional and can as well be equal to 0, those
that are I(d — 1) and don’t allow for polynomial cointegration. Finally, in 74, which is finite

dimensional and different from 0, those that are I(d) and don’t allow for cointegration.

Definition 5.1 ((p, 7, subspaces and Qp, Aj, operators). Consider a cointegrated H-valued AR
process A(L)x; = &, where A(z) is written as in (4.1). Let

Go = Im Ay, 70 = (Ker Ap)™, Qo= Ay,
where Qg is the generalized inverse of Ay, and for h = 1,2,... define
Sp=PyiAp1Psr,  G=ImS,, 7= (KerSy),  Qn=5,
where @)y, is the generalized inverse of Sy,
Zh=C® D1, T =10® D Th_1,

and

A, for h=1
Ah,n = h—2 )
Ah—l,n+1 + Ah_1’1 Zj:O QjAj+1,n for h=2,3,...

Remark 5.2. As shown in Remark 2.8, the assumption that 1 is an eigenvalue of finite type of

n=12....

A(z) implies that the subspaces ¢y = Im Ay and 79 = (Ker Ag)* = Im A} are closed and infinite

dimensional while their orthogonal complements (5~ = (Im Ag)* and 73~ = Ker Ag = (Im A})* are

closed and finite dimensional. This implies that the subspaces (p, 7, h = 1,2, ..., are closed and
finite dimensional. Because (j, h = 0,1,..., is closed, the corresponding generalized inverse Qp,
h=0,1,..., exists and it is unique, see Remark 4.5.

Remark 5.3. By construction, for h # s, (s is orthogonal to (;, and 7 is orthogonal to 73; moreover,

it is possible that (3,7, h #£ 0, are equal to 0.

Theorem 5.4 (A characterization of I(d) cointegrated H-valued AR processes). Consider a coin-
tegrated H-valued AR process A(L)x: = e, where A(z) is written as in (4.1), and let Cp, T, Qhn,
and Apy, be as in Definition 5.1. Then x; is I(d) if and only if

H=1m®m® Py,
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where 19,71, -..,Tq are closed, dim 1y = 0o, 0 < dim 71, < oo for any h # 0,d, and 0 < dim 7y < .

In this case,
x; = Cosar + CiSg—1, + -+ + Ca—151,4 + C*(L)e; + o, Im Cy = 74,

where Sp 1 = Zle Sh—1, ~ I(h), sor = €1, C*(L)ey is a linear process, and vy collects initial values.
This shows that 19 & 71 -+ @ Tq_1 1S the cointegrating space of x; and T4 is the attractor space of
the I(d) trends. Moreover,

d—h—1
(v, x¢) + Z (v, QnAps1 0 A"xy) ~ I(h) for allv € 1, h=0,...,d—2,
n=1

(v,xy) ~ I(d—1) for allv € 141,

and (v,x¢) ~ I(d) for all v € 74. Finally, the I(d) condition can be equivalently stated as H =
DG D- Dy, where o,(1,...,(q are closed, dimy = oo, 0 < dim (, < oo for any h # 0,d,
and 0 < dim {4 < oo.

Remark 5.5. In the finite dimensional case H = RP, Franchi and Paruolo (2016) show that d =
1,2,... ifand only if RP = (4@ - - B (g = 70D -+ D 74, where (;, = span(ay,), 7, = span(Sy),
h =0,1,..., and the bases oy, B, are defined by the rank factorizations Pa# Ah,lpbﬁ = a3}, where
an = (a0, .-y an—1), bp = (Bos -+, Br—1), @n = Bu(B,6n) " H(a),an) ¢, and A is as in Definition
5.1. Again here, apart from the fact that dim {y = dim 7y = rank Ag is finite when H = RP, this
mirrors what happens in the infinite dimensional case. Hence the infinite dimensionality of the

space does not introduce additional elements in the I(d) analysis.

Summing up, Theorem 5.4 shows that d = 1,2,... if and only if d + 1 conditions hold: the
first, 79 C H (or equivalently (o C H), establishes that d > 0 and for h = 1,...,d — 1, 7, C
(0@ -+ @®1h_1)" (or equivalently ¢, C (o @ - -- @ (u_1)b), establishes that d > h and the last one,
T4 = (T0®---®714-1)" (or equivalently (g = ((o®---®q—1)"), establishes the value of d = 1,2, . ...
The infinite dimensional cointegrating space coincides with 70 @ 71 @ - - - ® 74_1 and 74 is the finite
dimensional attractor space of the I(d) trends. In 7y, which is infinite dimensional, one finds the
cointegrating vectors that allow for polynomial cointegration of order 0, in 74, h = 1,...,d—2, which
is finite dimensional and can as well be equal to 0, those that allow for polynomial cointegration
of order h and in 74_1, which is finite dimensional and can as well be equal to 0, those that
are I(d — 1) and don’t allow for polynomial cointegration. The coefficients of the polynomial

cointegrating relations are Qp A1, which are calculated recursively as in Definition 5.1.

6. CONCLUSION

The present paper characterizes the cointegration properties of an H-valued AR process A(L)z; =
¢ under the assumptions that i) A(1) # 0, #i) A(z) has an eigenvalue of finite type at z = 1, and
i7i) A(z) is invertible in the punctured disc D(0, p) \ {1} for some p > 1.
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A necessary and sufficient condition for x; ~ I(d), d = 1,2,..., is given and it is shown that
under this condition the space is decomposed into the sum of d + 1 closed subspaces that are
defined recursively from the AR operators, H = 19 & 71 @ - - - @ 74, where 7q is closed and infinite
dimensional and 7, h = 1, ..., d is closed and finite dimensional. The infinite dimensional subspace
TODTL D - D Tyg_1 is the cointegrating space of x; while the finite dimensional subspace 74 is the
attractor space of the I(d) stochastic trends. Hence an H-valued cointegrated AR process has a
finite number of I(d) trends and infinitely many cointegrating relations.

The properties of (v,z;) vary with v in the cointegrating space: for v € 7y, which is infinite
dimensional, one can combine (v,z;) with differences of the process and find I(0) polynomial
cointegrating relations, for v € 7, which is finite dimensional and can as well be equal to 0,
one can combine (v, x;) with differences and find at most I(1) polynomial cointegrating relations,
and so on up to v € 74_1, which is finite dimensional and can as well be equal to 0, for which
(v,x) ~ I(d — 1) does not allow for polynomial cointegration. For any v in the cointegrating
space, the explicit expression QA 1., of the coefficients of the polynomial cointegrating relations
is provided in terms of operators that are defined by the same recursion of the 7.

The present results show that the infinite dimensionality of the space does not introduce addi-
tional elements in the analysis, under the assumption that 1 is an eigenvalue of finite type of the AR
operator function and that no other non-zero eigenvalue of the AR operator lies within or on the
unit circle. That is, apart from the fact that the number of I(0) cointegrating relations is infinite,
the conditions and properties of H-valued cointegrated AR process coincide with those that apply

in the finite dimensional case.
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APPENDIX A. SEPARABLE HILBERT SPACES AND OPERATORS ACTING ON THEM

This section reviews definitions (typewritten in italics) and basic facts on separable Hilbert spaces
and on operators that act on them. The material is based on Chapter I, IT and XV in Gohberg
et al. (2003) and Chapter XI in Gohberg et al. (1990). This section also introduces the basic system
(A.2), which is central in the proofs in Appendix C', and a useful intermediate result in Lemma
A.2.

Let H be an Hilbert space; H is called separable if there exist vectors vy, ve,... which span a
subspace dense in H, i.e. every vector in H is the limit of a sequence of vectors in span(vy,va,...).
It can be shown that (only) separable Hilbert spaces have countable orthonormal bases and that a
closed subspace of a separable Hilbert space is separable. A separable Hilbert space H is said to
be the direct sum of subspaces M and N, written H = M @& N, if every vector v € H has a unique
representation of the form v = x 4+ y, where x € M and y € N. The dimension of N, written
codim M, is called the codimension of M and M is said to be complemented if N is closed.

Let H be a separable Hilbert space with inner product (-,-) and norm | - ||; a function A
which maps H into H, A : H — H, is called a linear operator if for all z,y € H and ¢ € C,
A(z +vy) = Ax + Ay and A(cx) = cAz, where Az and A(z) both indicate the action of A on z. A
linear operator A : H — H is called bounded if sup,—; [|Az|| < oo and its norm [|A| is given by
sup|z|=1 [[Az||. The set of bounded linear operators which map H into H is denoted by B(H).

An operator A € B(H) is said to be invertible if there exists an operator B € B(H) such that
BAx = ABx = z for every x € H; in this case B is called the inverse of A, written A~!. A € B(H)
is said to be a projection if A2 = A and it can be shown that if A is a projection, Ker A is
complemented, i.e. H =Im A ® Ker A and Im A = Ker(I — A) is closed.

An operator A € B(H) is said to be Fredholm of index n(A) — d(A) if the numbers n(A) =
dim Ker A and d(A) = codimIm A are finite. It can be shown that if H is finite dimensional, any
operator is Fredholm of index 0. Let D(u,p) = {z € C: |z — u| < p} be the open disc centered in
u with radius p > 0 and let F': D(u, p) — B(H) be an absolutely convergent operator function; a
point zg € D(u, p) is said to be an eigenvalue of finite type of F(z) if F(zp) is Fredholm, F(z9)x = 0
for some non-zero x € H and F(z) is invertible for all z in some punctured disc D(zo, p) \ {#0}. It

can be shown that if 2z is an eigenvalue of finite type then F(zp) is Fredholm of index 0.
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Let T, W : D(u, p) — B(H) be absolutely convergent operator functions; 7'(z) is said to be locally
equivalent at zp to W(z) if i) T'(z) = E(2)W(2)G(z) in some disc D(zp, p) and ii) E(z) and G(z)

are invertible and absolutely convergent on D(zg, p).

Theorem A.1. Let T : D(u,p) — B(H) be an absolutely convergent operator function. Assume
that there exists zg € D(u, p) such that T'(z9) # 0 is Fredholm of index 0 and non-invertible. Then

T(z) is locally equivalent at zy to
W(Z) = W0+W1(Z—Zo)m1 +---+W5<Z—Z0)ms, Wth =(5th}“ ZWh =1,
h=0

where my < mg < --- < my are positive integers, Op; is the Kronecker delta, Wo, W1,..., W, are
mutually disjoint projections that decompose the identity, Wy is Fredholm of index 0 and W1, ..., W
have rank one. That is, there exists p > 0 such that

T(z) = E(2)W(2)G(z) for all z € D(zp, p),

where E(z) and G(z) are invertible and absolutely convergent on D(zy,p). Hence T(z)™! =

G(z) "W (2)"*E(2)! has a pole of order d = mg at zg and it admits representation

T(2)' =) Un(z—2)"""  z€D(20.p)\ {20}, (A1)
n=0
where Uy, ...,Uq_1 are operators of finite rank and Uy is Fredholm of index 0.

Proof. See Theorem 8.1, Corollary 8.4 and eq.(2) in section XI.9 in Gohberg et al. (1990). N

Consistently with the terminology employed in the finite dimensional case, see Gohberg et al.
(1993), the operator function W(z), the positive integers m; < mg < --- < mg, and the operator
functions E(z),G(z) are respectively called the local Smith factorization, the partial multiplicities
and extended canonical system of root functions of T'(z) at zp.

Expanding T'(z) around zg as T'(z) = > o2 Tn(z — z0)™ and considering (A.1), one writes the
identity T'(2)T(z)~! = I = T(2)7'T () as the following linear systems in the T},, U,, operators

ToUop =0 = UpTyp
ToUr +TiUp =0 = UpTh + Ur'Th

ToUj 1+ +T31Uy=0=UpTy_1+---+Uyg_11p (A.2)
ToUg+TU4 1+ +T3Uy=1=UpTy+UTy_1+---+Uilp

ToUg1 + ThUg+ -+ Ty 1Uo =0 = UpTgy1 + Ui Ty + - - - + Ug1To

In the following, equations in the system (A.2) are indexed according to the highest value of the

subscript of U,; for instance the identity appears in equation d, which is the order of the pole.
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The equations that derive from T'(2)T(z)~! = I are called left versions and those that derive from
I= T(z)*lT(z) are called right versions; for instance ToUy+T1Ug_1 + - - -+ 14Uy is the left version

of equation d.

Lemma A.2. Let T(z) be as in Theorem A.1 and define (o = Im Ty and 1o = (Ker Ty)*. Then Uy
m (Al) satisﬁes U() = PTOLU() = UOPCOL = PTOL OPCOL 75 0.

Proof. The left version of equation 0, ToUy = 0, implies that Im Uy C Ker Tp. Let 7o = (Ker Tp)*,
so that Td‘ = KerTj, and define the associated orthogonal projections P, and PTd_. Clearly
P, and PTOL are disjoint and decompose the identity. Hence Uy = P, Uy + PTOL Uy = PTOL Up.
Similarly, from the right version of equation 0, UyTy = 0, one has ImTy C KerUy. Defining
Co = Im Ty, so that COL = (ImTp)*, and the associated orthogonal projections P, and PC(J)_, one has
Uop = Up P, + U()PCOL = U[)PCOL and hence the statement. |

APPENDIX B. RANDOM VARIABLES IN SEPARABLE HILBERT SPACES

The following definitions are taken from Bosq (2000). Let H be a separable Hilbert space with
inner product (-, ), norm || - || and Borel o-algebra o(H) and let (€2,.A, P) be a probability space.
A function Z : Q — H is called an H-valued random variable on (2, A, P) if it is measurable, i.e.
for every subset S € 0(H), {w: Z(w) € S} € A. For a C-valued random variable U on (€2, A, P),
define E(U) = [, U(w)dP(w); the expectation of an H-valued random variable Z, written juz, is

defined as the unique element of H such that
E((h,Z)) = (h,uz) for all h € H.

It can be shown that the existence of py is guaranteed by the condition E(||Z]|) < oco. The

covariance function of an H-valued random variable Z is defined as
Cz(h,flf):E(<h,Z—,U,Z><$,Z—,U,Z>), h,z € H.

It is immediate to see that cz(h,x) = E((h, Z)(x, Z))—(h, uz){x, nz) = E((h,{(x, Z)Z))—(h, pz){x, 1nz).
If E(||(z, Z)Z||) < o0, the expectation of the H-valued random variable (z, Z)Z exists and it is the
unique element of H such that E((h, (v, 2)Z)) = (h, ji(5,7)7) for all h € H. One thus has

CZ(hvx):<hﬂu<x,Z)Z>_<h7,uZ><‘r7MZ>7 h,z € H.

Because |[{x, Z)Z|| = |(z, Z)|||Z|| < ||z||||Z]|?, the existence of the covariance function of Z is
guaranteed by the condition E(||Z]||?) < co. Define the operator Cz : H — H that maps x into

W(z,z)z and rewrite the covariance function as
cz(h, @) = (h,Cz(x)) — (h,pz){w,nz),  h,x€H.

As C, is completely determined by the covariance function, it is called the covariance operator of

Z. Similarly, the cross-covariance function of two H-valued random variables Z and U is defined
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as
CZ,U(hvx):E(<th*:uZ><l'aU*,uU>)a h,z € H.

This completely determines the cross-covariance operators of Z and U, Cz; and Cy,z, respectively

defined as the mappings * — i, zyy and & — pe 17y7-

APPENDIX C. PROOFS

Proof of Theorem 3.1. The result is a direct consequence of Theorem A.1 in Appendix A. By
definition, a cointegrated H-valued AR process A(L)x; = &; is such that A(1) # 0, A(z) has an
eigenvalue of finite type at z = 1 and A(z) is invertible in some punctured disc D(0, p) \ {1}, p > 1.
Hence A(1) is Fredholm of index 0. Because A : C — B(H), one can apply Theorem A.1. This
states that there exists p > 0 such that

A(z) = E(2)W(2)G(z) for all z € D(1, p), (C.1)

where E(z) and G(z) are invertible and absolutely convergent on D(1, p) and
W(z) = Wo+ Wi(1l—2)™ + -+ W(1 — 2)™s, WiW; = 6, Wh, Z Wy, = I,
h=0

where the positive integers m; < mg < --- < my are the partial multiplicities of A(z) at 1,
Wo, W1,..., Wy are mutually disjoint projections that decompose the identity, Wy is Fredholm of
index 0 and W7, ..., W, have rank one.

Given that Gy = G(1) is invertible, one can normalize it to be equal to I, in fact A(z) =
Eo(2)Wo(2)Go(2), where Eg(z) = E(2)Go, Wo(z) = Gy W (2)Go, and Go(z) = Gy 'G(z) share
the same properties of E(z), W(z) and G(z) in (C.1). In the following one can set G(1) = I.
Moreover, A(z) is invertible in the punctured disc D(0,p) \ {1}, p > 1, and because A(z)~! =
G(2)"'W(2)"1E(2)7!, this implies that F(z) and G(z) are invertible and absolutely convergent for
all z € D(0,p), p > 1.

Let w be the number of distinct partial multiplicities and organize them as in

ml:"':mQ1<mq1+1:"':mQ1+fI2<'“<m2f}711q1'+1:“.:ms’

:jl :j2 :jw
where gy is the number of partial multiplicities that are equal to the given value j,. This leads to
define the projections P}, as the sum of the projections W, that load the same partial multiplicity
into W(z), i.e.

Po=Wi+---+Wy, P=Wypu+ - +Wyiep, .. , Pw:WZ;":—llqu““"—FWs,

so that W (z) = 323 Pa(1—2)7", where jo = 0, Py = Woand Py = 320 W, sonr  h= 1,0 w.
1=1 1°
Observe that Py P; = 0p; Py, and >, _, P, = I, where Py has infinite rank ¢y = dimIm Py = oo and

Py, ..., P, have finite rank ¢5. This leads to the direct sum decomposition

H=ImPSImP & ---dImP~P,, (C2)



19

where Im Py is closed because P is a projection. Substituting (C.1) in A(L)z; = &; and rearraging

one has
W(L)y: = uy, ye = G(L)xy, up = BE(L) ey,
and using W (z) = > 1_q Pn(1 — 2)» and >}, P, = I one finds
Poye + A Pyyy + -+ 4+ A Pyyy = Poug + Prug + -+ + Pyuy,

where Ppy; and Ppu; belong to Im Pj,. As a consequence of the direct sum decomposition in (C.2),
one has A/ Pyyy = Pyuy and hence Ppyy = Pyuj, ¢ + Pyvno, where uj, ¢ ~ I(j,) is the jh-th
cumulation of u; ~ I(0) and vy collects initial values. As y = Y 1 Proye = D5 Pruj, ¢ +

> o Pnun,o, one has
t
yr = Poujor + Pruj, ¢ + -+ - + Py, ¢ + vo, Upt = Z up—1,; ~ I(h), uo,e = ug ~ 1(0),
i=1

where vg = Y5 Pyupo collects initial values. This shows that y; = G(L)xy ~ I(jw), gn =
dimIm P, is the number of I(j) processes in y; and (v,y;) ~ I(j) if and only if v € Im P,
Because G(1) = I, 2y = G(L) 'yt = g + F1Ay; + ..., where G(2) 7! = F(2) = Y00 F,(1 — 2)™,

one has
xy = (Poujyr + Pruj, ¢ + - + Py, +vo) + F1A (Poujy s + Prug, ¢ + - + Pyuj, e +vo) + ...,

which shows that z; is I(jy), (v,z) ~ I(jw) if and only if v € Im P,, and hence Im Py @ Im P; &
-+ @®Im P, is the cointegrating space of z;. Finally, let nj, = j, — jp and expand G(z) around 1
as G(z) = S G (1—2)" 4 (1 — z)" Gy, (2), where Go = I and G, (2) is absolutely convergent
on D(0,p), p > 1. Then

T+ G1Azy 4 -+ + Gy 1AM g = Pouj g + Prugy g + -+ 4 Puttj, o + 35, 1 + o,

where zj, y = =G} (L)A"x; = =Gy, A" ay + - -« = =Gy, A" Pyuj, 1+ -+ = —Gp, Pyuj, 1 + . ..

o

is at most integrated of order j,, — np = jp, so that
Py, (:ct + Gi1Axy + -+ Gnh_lﬁnhflxt) =B, (Uj}“t + xjh,t) + Pyuy.

Because uj, 1 +xj, + = (I — Gy, Py)uj, ¢+ .., one has that (v, (u;, + +2;, ¢)r) # 0 for any v € Im P,
and any z € Im Py @ --- ® Im P,,_;. This shows that (v,z;) + 3" (v, G, A™x;) is I(jy) for all
v € Im P, and completes the proof. |

Proof of Theorem 4.1. Replacing T with A and U with C in system (A.2), for d = 1 one has
AoCpy =0 = CpAy
AoC1+ A1Cy =1 = CpA1 + C1 A
ApgCy + A1C1 + AxCy =0 = CpAz + C1 A1 + C2 Ay
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Because Pcé_ Ag = 0 and Cy = PTd_ Co, see Lemma A.2, the left version of equation 1 implies
that (PC&AlpT&)CO = Pé-OL. This shows that if x € Im PC& then x € ImPC&AlpT&, ie. ImPC& C
Im Pcd_ Aq PTd_; because the reverse inclusion is clearly satisfied, one has that Im Pcd_ Aq P,[_d_ =Im Pcd_,
ie. (1 = (g. Similarly, because AOPTOL =0 and Cy = CQPCOL, see Lemma A.2, the right version
of equation 1 implies that CO(PC(J)_AlpT()J_) = P,Td_. Hence if z € Ker Pcd_AlpTd_ then z € Ker PTOJ_,
i.e. Ker PCOLAlpTOL C Ker PTOL; because the reverse inclusion is clearly satisfied, one has that
Ker Poi A1 Py = Ker P, so that (Ker PCOLAlproL)l = (Ker PTOL)L» i.e. 71 = 7-. This shows that
if d =1 then (; = COL, T = TOL, Co = P,CoF, ImCy = 11 and Ker Cy = (p. Finally note that
if d > 1, because the identity is in equation d, the same analysis leads to (PC L AP, OL)CO = (0 and
CO(PCOL A]_PTOL) = 0. In this case there exist a nonzero x € Im Cj such that z € Ker PCOL A]_PTOL and
a nongero y € ImPCOLAIPT(% such that y € KerCy. ie. 74 C Td‘ and (1 C Cd-. This shows that
T = TOL (or any of (1 = COL, Im Cp = 7 and Ker Cy = (p) is a necessary and sufficient condition for
d=1.

Because Axy = C(L)ey ~ I1(0) and Im Cy = 71, 71 is the attractor space of the I(1) trends,
ie. (v,m) ~ I(1) for all v € 7, and 7{- = 79 is the cointegrating space of z;. In order to
prove that (v, x;) ~ I(0) for all v € 79, write P,,Azxy = P, Coes + PryC1Ag; + C*(L)A%e;, where
here and in the following C*(z), C**(z), C***(2) represent remaining terms. Because P, Cy = 0,
P.,xy = P;,Ciey + C*(L)Ag; is a linear process. Next consider the generalized inverse of Ag,
Qo = Aar , and note that QpAy = Pr,, see Lemma C.1 below. From the left version of equation 1
one has QpAoC1+QpA1Cy = Qo and thus P;,C1 = Qo(I — A1Cy); this implies that (v, Pr,Cix) # 0
for any v € 79 and any x € (p, i.e. (v,x¢) ~ I(0) for all v € 7. [

Proof of Theorem 4.4. Replacing T' with A and U with C' in system (A.2), for d = 2 one has

AgCpy =0 = ChAy
AoCr + A1Cy =0 = CoA1 + C1Ag
AgCo + A1C1 + AxCy =1 = CyAs + C1 A1 + CrAg
AgCs + A1Cs + AxC1 + A3C1 =0 = CyAs + C1As + C3A1 + C3Ag

From the proof of Theorem 4.1 one has that if d > 1 the left versions of equations 0 and 1 lead to
ApCy = 0 and (Pcd_AlpTOJ_)CO = 0 and the right versions to Cy4y = 0 and CO(PCd_AlpT&_) =
0. Hence ImCy C (Ker 4y & Ker PCOLAl_PTOL) = (@ m)t = Z* and KerCy O (ImAg @
Im Pgd_AlpTd_) = (Co® (1) = Z. Hence Cy = P%LCO = COP%L = P%LCOP%L. Because PCOLAO =
0, the left version of equation 2 implies that PCOL A1Cq +PCOL AyCy = PCOL. Inserting I = Py, +PTOL in
the first term one has PC()LAICI = PC()lAlpTOCl—i_PCOLAlPToLCl and hence P%iAlCl = ngzlAIPTOCI,
because Im PC(J)_ AlPTOJ_ = (1. Because QoAp = Py, see Lemma C.1 below, the left version of equa-

tion 1 implies PTOCI = —QoA1Cy; hence one has PCOLAlCl = — COLAlQ()AlC() + PC()LAIPTOLCI and
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thus Pgd_ A1Cq + Pc(J)_AQCO = PCS‘ leads to
PC()lAIPT()LCl + PCOLAQJCO = PC0L7 Ag}l = Ay — A1QpA;. (03)

Because 25 = (p ® (4 and Im PCOLAlpTOL = (1, one has PyQLPgDLAl_PTOL = 0. Hence substitut-
ing Pyi Pt = Pyi and Cy = Py1Cp in (C.3), one finds (P%J_AQJP%L)CO = Pyi. This
shows that Im P%l C Im PZQLA271R72L; because the reverse inclusion is clearly satisfied, one
has that ImP%LAQ’lp% 1 = Im PD%L, ie. (o = fz’fzJ-. Similarly, the right version of equation
2 implies that CQ(P%J_AZ]_P%J_) = P%J_, which shows that Ker P%LAQJP%L C Ker R%J_; be-
cause the reverse inclusion is clearly satisfied, one has that Ker szl 142’1]332 1 = Ker P% 1, so that
(KerPEXQLAQJP%QL = (KerP%l)L, i.e. 79 = 5. This shows that if d = 2 then { = 25,
T = %l, Co = P,CoF,, ImCy = 1 and Ker Cyp = Z5. Finally note that if d > 2, the same
analysis leads to (P%J_AQJR%J_)CO =0 and OO(P'@%J_AQJP%J_) =0,ie tom C Iy and (3 C %J-.
This shows that ™ = %L (or any of (» = QPQL, ImCy = 7 and Ker Cy = %3) is a necessary and
sufficient condition for d = 2.

Because A2x; = C(L)e; ~ I(0) and Im Cy = 79, 75 is the attractor space of the I(2) trends, i.e.
(v,24) ~ I(2) for all v € 75, and 75~ = 79 @71 is the cointegrating space of z;. In order to prove that
(v,24) ~ I(1) for all v € 71, write Py, A%z, = Py, Coey + Py, C1Ae; + C*(L)A2%4. Because Pr,Co =
0, P,Azxy = P; Cie, + C*(L)Ag; is a linear process. Next consider the generalized inverse of
Pcd_Al_PTé_, Q1= (PCS_Al.PTd_)JF, and note that Ql(PCa_Al.PT()J_) = P;, and Q1P<0L = @1, see Lemma
C'.1 below. From (C.3) one thus has P, C = Q1(I — A21Cp); this implies that (v, Py, C1z) # 0 for
any v € 71 and any x € (3, i.e. (v,24) ~ I(1) for all v € 7.

Finally, from P, A%z, = P Coet + Pr,C1Ae; + PryCoA2e, + C*(L)A3gy, PryCo = 0 and Pr,Cy =
—QoA1Cy, one has P A2, = —QoA1CoAe; + Pr,C2A%, + C*(L)A3%;. On the other hand,
QoA1Az; = QoA1CoAey + QoA1C1 A%y + C*(L)A3e4, and hence

Pz + QoA1Axy = (Pr,Cy + QoA1C) )er + C(L) Agy

is a linear process. In order to see that (v, z;) + (v, Qo A1 Azy) ~ I(0) for all v € 19, observe that the
left version of equation 2 implies QoAoC2 + QoA1C1 + QoA2CH = Qo and hence P, ,Co+ QoA1Ch =
Qo(I — A2Cy). Because (v, (P, Cy + QoA1C1)x) # 0 for any v € 79 and any = € {y @ (1, one has
(v, 2¢) + (v, QoA1Axy) ~ I(0) for all v € 7. [

The proof of Theorem 5.4 is based on Lemma C'.2 below, which makes use of the following result.

Lemma C.1. Let 25, T}, Sh, Qn, and Ay, be as in Definition 5.1 and futher define P%L = P%J_ =
I, A071 = AO and S() = PQPOLAOJP:%L. Then QhSh = PTh and QhPth = Qh f07’ h = 0, 1, e

Proof. What follows holds for any h = 0,1,.... Recall that {; and 7, are closed and the
corresponding generalized inverse (), exists and it is unique, see Remark 5.2. From Theorem 3 in

Chapter 9 in Ben-Israel and Greville (2003), one has that if A € B(H) and Im A is closed, then
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A*A = Py a- and Ker AT = Ker A*, so that QuSy = Pims; and Ker Qp, = Ker Sy. Because 7y,
is closed, one has that 7, = (Ker Sh)J- = Im S5} and hence Q,Sy = P, . Because (j, is closed, one
has that ¢, = Im S;, = (Ker SZ)J'. Hence Ker @), = Ker S} = (fl- D%, =P D1, so that
(Ker Qp,)* C ﬂ‘”hl. This shows that QhPff’ L= Q5 and completes the proof. |

Lemma C.2 (Subspace decomposition of system (A.2)). Let (p, T, Qp, and Ay be as in Defini-
tion 5.1 and replace T with A and U with C in system (A.2). Then equation n + h < d in system

(A.2) can be written as

P, Ch + Qp Z Apt1,6Cn—k = Oy n,dQn, h=0,1,...,d—n, (C.4)
k=1

where Op; is the Kronecker delta, P%L = P%J_ =1 and Agy = Ag. Moreover, A(z)_l has a
pole of order d at z = 1 if and only if either of the following equivalent statements holds: 1)
H=(®OD - ®{, where (y,(1,...,Cq are closed, dim(y = oo, 0 < dim{, < oo for any

h#0,d,0<dim(y < oo;ii) H=1® 1 D" D T1q, where 179,71,...,Tq are closed, dim 19 = oo,
0 <dimT, < oo for any h # 0,d, 0 < dim 14 < co. Finally,
d—h—1
<U,’Yh(Z)A(Z)_1>, Vh(z) = PTh + Qh Z Ah+1,n(1 - Z)ny (05)
n=1

has a pole of order h for allv e 1, h=0,1,...,d.

Proof. The statement is divided into three parts: the first consists of (C.4), the second in i) and
ii) being necessary and sufficient conditions for a pole of order d at z = 1 in A(z)~! and the third
of (C.5). The proof is thus split into three parts. Replace T' with A and U with C' in system (A.2).
The proof of the first part is by induction and consists in showing that the left version of equation

n < d in system (A.2) can be written as

n—h
(Pg)hJ'Ah’lRyhl> Ch_n+ P&whj_ Z A1 kCnh—i = 5n7dPg>hJ_, h=0,1,...,n, (C.6)
k=1

where P:;Z)OJ_ = R%L =1 and Ag; = Ap. Replacing n with n + h in (C.6), one finds

n
(PﬁphJ_Ahjlpth_) Cn+ nghJ_ Z Apt1 kCni = 5n+h,dP@ch-a h=0,1,...,d —n, (C.7)
k=1

and hence (C.4), which follows from Qh(R@thAh,lpghL) = P, and thghj_ = @}, see Lemma C.1.

In order to show that (C.6) holds for h = 0, observe that the left version of equation n in
system (A.2) reads AoCp + > p_ AxCn_ = 0pql. By definition, Pffol = P%L =1, Ap1 = Ao
and A;, = Aj and this shows that (C.6) holds for h = 0. Next assume that (C.6) holds for
h=0,...,f/—1 for some 1 < ¢ < d; one wishes to show that it also holds for h = £. First note that
Qh(PthAh’lehL) = P;, and thghj_ = @y, see Lemma (.1, and thus the induction assumption

implies
n—h
Pr, Crpn + Qn Z Apt1kCn—h—k = 0n,dQn, h=0,1,...,0—1. (C.8)
k=1
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Next write (C.6) for h =0 —1,

n—~+1
(ngﬁlAf—l,lefl) Cn—t41+ Pyy Z ArkCrti1-k = OnaPyr
k=1

where Im P%ilAf—LlP%il = (y—1; pre-multiplying by P%l, where 29 = (o @ -+ ® (p_1, and
rearranging one finds

n—~_
Pfff A“C’n_g + Pfff Z Ag’k_;_lcn_g_k = 5n’dPQpeL (Cg)
k=1

Next consider .7, = 79 @ - - - @ 7,1 and use projections, inserting I = Pz, + P%L between Ay ; and
Ch_¢yinU = P%LAg,lCn,g; one finds
U = (PSZ}LA“PZf> Ch_r+ PQ;}LA@JR%C”,E =U; 4+ Us.

Substituting Py, = Py +---+ Py, |, one has Us = PV%J_AZJ Zf;é P..C,_; and by the induction
assumption, replacing n with n — ¢ + h and h with ¢ in (C.8) and rearraging, one finds

n—~

P.Cy_p = —Q; Z Ai1kCrnv—i + O0n—014,dQi5 i=0,1,...,0—1
k=1

Because n —¢+i<n—1<d, 6,—p454 =0 for i =0,1,...,/ -1 and hence substituting in Uz, one
finds

n—~0 /—1

Uy = =Py Z <Ae,1 Z Qz‘Az’—i-l,k) Cr—t—k-

k=1 i=0

Substituting U = U; + Uz one hence rewrites (C.9) as

n—~{
(ng AE,IR%¢> Cnt+ Py Z Arp1kCntt = OnaPoyy
k=1

where Apy1p = Agryr1 — Ao Zf;é iAit1k by definition. This shows that (C.6) holds for h = ¢
and completes the proof of the first part of the statement.

The proof of the second part consists in showing that i) and i) are necessary and sufficient
conditions for a pole of order d at z = 1 in A(z)~!. First consider ). Assume that A(z)~! has a
pole of order d at z = 1. Setting n =0 and h = d in (C.7) one has <P%LAd71PydL> Co = PQZL, SO
that (4 = Im P?ofdlAd’lP%L O Im Pgdl = ;@ff = (Co @ -+ ®Cq_1)"; because the reverse inclusion is
clearly satisfied, one has that Im P'Q/;_AdJPZiJ_ = Im Pg)dl, ie. Cq= (@ - P C1)", and hence
H=(®G® - ® (. Expand A(z) around 1 as A(z) = > 7 Ap(1 — 2)", where Ag = A(1) #0
implies dim (p > 0. Because 1 is an eigenvalue of finite type, Ag if Fredholm of index 0, which means
that dim Ker Ay and codim Im A are finite and equal. Hence codimIm Ay = dim({; @ --- @ (g) is
finite dimensional (and closed) and hence it is complemented. That is, its orthogonal complement
(o is closed (and infinite dimensional). This shows that (o, (1,...,(; are closed, dim (y = oo and
0 < dim{; < oo for any h # 0. Because dim({y; = 0 implies H = (o ® (1 & -+ @D (4_1, one
has dim{y; > 0. Finally observe that H = (o ® (1 @ --- ® (4, where (p,(1,...,(g are closed,
dim(p = o0, 0 < dim{ < oo for any h # 0,d, 0 < dim(y; < oo, implies that the identity is
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in equation d in system (A.2), i.e. that A(z)~! has a pole of order d at z = 1. This completes
the proof of 7). Next consider 7). Observe that (C.7) is based on the left version of system
(A.2). By performing a similar induction on the right version of system (A.2), one reaches the
right counterpart of (C.7), which implies Cj <Pg’hLAh71Pyhl> = 5h7dpyhl for h = 0,1,...,d, so
that 7'dL = Ker Pde_ Ad71R%L C Ker P%J_ =93 =19® - P 14-1; because the reverse inclusion is
clearly satisfied, one has that Ker R%LAd71Rq(iL = Ker R%L, ie. le =T10@ D T9_1, and hence
H=1®7m® - @714 The statement follows by the same reasoning in the proof of i), replacing
codim Im Ay with dim Ker Ag and ¢ with 7. This completes the proof of the second part of the
statement.

The proof of the third part proceeds as follows. Write A(z)™t = Y% (1 — 2)" ¢ as

d—h—1
A(z) 1 =Co(1 —2)" 1+ Z Cr(1—2)""% 4+ (1 —2)""Ry(2), Ry(1) = Cy_p,
n=1
and pre-multiply by P;, to find
d—h—1
P A(2) ' =PrCo(1—2)""+ DY PrCu(l—2)"""+ (1—2)""P;, Ro(2).
n=1

First consider h = 0,...,d — 1. Setting n = 0 in (C.4) one has P, Cy = 0 and hence
—h—
Th Z Th 1 - Z)n d + (]‘ - Z)_hPThRO(Z)' (Clo)

From (C.4), for n < d — h one has P, C,, = —Qn > p_; Ant1,£Cn—k + On+n,4Qn and hence

—h— d—h—1 n
Z 7 On (1 —2)" Z (QhZAh—l—l,kCn—k) (1—2)",

because 0,454 =0 forn=1,...,d — h — 1. Rearraging one thus finds

d—h—1 d—h-1 d—h-1
> PaCa(l=2)"""==Qn Y Anp1n < > Cok(l- Z)"_d) :
n=1 n=~k

Next write

(1 - Z)kA(Z)_l = ( Z Cn,k(l — Z)n_d> + (1 — Z)_th(Z), Rk(l) = Cdfhfk;
so that
d—h—1 d—h—1 d—h—1
Y P Ch(l-z)" = <Qh > Aps(1- Z)k> AR) T H (1 =2)7"Qn Y ApsipRi(2).
n=1 k=1 k=1

Substituting in (C.10) and rearraging one thus finds v;,(2)A(2) ™! = (1 — 2)7"3,,(2), where

d—h—1 d—h—1

W(2) = Pr, +Qn Y Aniis(1=2)%  Gu(2) = Py Ro(2) + Qn D> Anp1xRi(2).
k=1 k=1
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Note that, because Ri(1) = Cy_p_, one has
d—h—1

(1) = PrCan+Qn Y Anc14Can—i;
k=1

from (C.4) for n = d — h one finds P, Cy_p + Q) ZZ;? Api1kCa—h—r = Qp, so that (1) =
Qn(I — Apy1,4-1Co). Because (v,y,(1)z) # 0 for any v € 7, and any = € (,, one has that
(v,,(2)A(2)™1) has a pole of order h for all v € 7, h = 0,...,d — 1. Finally consider h = d.
Setting n = 0 in (C.4) one has P,;,Cy = Qg and this shows that (v, A(z)~!) has a pole of order d
for all v € 74. This completes the proof. |

Proof of Theorem 5.4. Direct consequence of Lemma C.2. |
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