SPACE-TIME FRACTIONAL EQUATIONS AND THE RELATED
STABLE PROCESSES AT RANDOM TIME

ENZO ORSINGHER AND BRUNO TOALDO

ABSTRACT. In this paper we consider the general space-time fractional equa-

tion 3T, Aj;}t—t,]jw(arl, s mnit) = =2 (=A)Pw(z, -, wn;t), for v; €
(0,1, B € (0,1] with initial condition w(z1, -+ ,2n;0) = [[7_; é(z;). We
show that the solution of the Cauchy problem above coincides with the distri-
bution of the n-dimensional vector process Sgﬁ (ch”l"“ wm (t)), t > 0, where
S,ZL*B is an isotropic stable process independent from £¥1:">¥m (t) which is the
inverse of #¥1,"¥m () = Z;nzl )\;/Vj HYi(t), t > 0, with H"3 (t) independent,
positively-skewed stable r.v.’s of order v;. The problem considered includes the
fractional telegraph equation as a special case as well as the governing equation
of stable processes. The composition 5’7215 (CQLVI’“‘ rm (t)), t > 0, supplies a
probabilistic representation for the solutions of the fractional equations above
and coincides for 8 = 1 with the n-dimensional Brownian motion at the ran-
dom time £+ >¥m (t), t > 0. The iterated process £, "™ (¢), t > 0, inverse
fo HYLm(E) = S NI HY (GHY (3HYS (- (HYI (D)), ¢ > 0,
permits us to construct the process .5'72{8 (CQS?"” rm (t)), t > 0, the distribu-
tion of which solves a space-fractional equation of the form of the generalized
fractional telegraph equation. For r — oo and 8 = 1 we obtain a distribu-
tion, independent from ¢, which represents the multidimensional generalisation
of the Gauss-Laplace law and solves the equation Z;nzl Ajw(ry, - ,Tn) =

2 .
c2 Z?zl %w(xh -+ ,xn). Our analysis represents a general framework of

the interplay between fractional differential equations and composition of pro-
cesses of which the iterated Brownian motion is a very particular case.

1. INTRODUCTION AND PRELIMINARIES

1.1. Introduction. The study of the relationships between fractional differential
equations and stochastic processes has gained considerable popularity during the
past three decades. In pioneering works simple time-fractional diffusion equations
have been considered (see for example Fujita [8]) and its connection with stable
processes has been established (see Orsingher and Beghin [13]; the reader can also
consult Zolotarev [18] for details on stable laws). In such papers the authors have
shown that the compositions of processes have distributions satisfying fractional
equations of different form. The iterated Brownian motion B; (|Bs(t)|), t > 0, (with
B; and B independent Brownian motions) has distribution solving the fractional
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equation (see Allouba and Zheng [1])

9% 1 9?
as well as the fourth-order equation (see DeBlassie [5])
ot 1 d?

—Uu

o (z,t) = 27,@”(35,75)'1'2\/?“@5(@7

It has been shown by different authors (see Benachour et al. [3]) that the solution
to the biquadratic heat-equation

zeR,t>0. (1.2)

g( t)__iﬁ
U E) = 793 gt

5 u(zx,t), reR,t>0, (1.3)

coincides with

1 22
u(,t) = E{,WB@N s (s7m0= )} ()

and appears as the distribution of the composition of the Fresnel pseudoprocess
with an independent Brownian motion (see Orsingher and D’Ovidio [14]).
When the fractional telegraph equation

8211 o 5 82
(8252" + 2)\6tl’> u(z,t) = ¢ @u(:ﬂ,t), x€e€R,t>0, (1.5)
for v € (0,1], A > 0, ¢ > 0, is considered, the solution of problem (1.5) for v = %
has been proved to coincide with the distribution of T (|B(t)|), t > 0, where T'(¢),
t > 0, is a telegraph process independent from the Brownian motion B(t), ¢t > 0.
From the analytical point of view, equations similar to (1.5) have been studied in
the form

o ol 5 07 9

a?u(x,t)—kawu(x,t) =c %u(az,t)—kﬁ u(z, t)+(z,t), zeR,t>0, (1.6)
for « € [0,1], B € [0,1], by Saxena et al. [15]. These authors have provided the
Fourier transform of solutions of fractional equations of the form

a ﬁu(x t)+--+a ﬂu(x t) = czﬁu(x )+ Eu(z, t) +o(x,t) (1.7)
1 ot ) n+1 Otan i1 ) - 8$B ) ’ P T, .
for ag, -+ ,ant+1 € (0,1) and 5 > 0, (see Saxena et al. [16]) in terms of generalized

Mittag-Leffler functions (but no probabilistc interpretation has been given to these
solutions). Telegraph equations emerge in electrodynamics, in the study of damped
vibrations, in the analysis of the telegraph process. Its multidimensional version
appears in studying vibrations of membranes and other structures subject to fric-
tion. Equations with many fractional derivatives emerge in the study of anomalous
diffusions as pointed out by Saxena et al. [15, 16].
The symmetric stable laws have distribution satisfying the space-fractional equa-
tion o ,
o Bzl

where % is the Riesz fractional derivative. For asymmetric stable laws the con-

x,t) = u(z, t), xe€R,t>0, (1.8)

nection with fractional equations has been established by Feller [7]. The connection
between fractional telegraph equations and stable laws has been established in a
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recent paper by D’Ovidio et al. [6], in which the authors considered the multidi-
mensional space-fractional extension of (1.5)

o Y )
(8t2y + 2/\8tu) u(x,t) = —¢® (=A) u(z,t), zeR"t>0, (1.9)

for v € (0,4], B € (0,1]. The solution to (1.9) subject to the initial condition
u(x,0) = §(x) is given by the law of the composition of the form S27 (c2£(t)),
t > 0, where S,Qf (t), t > 0, is a n-dimensional isotropic stable vector process and

() = inf {s: HY(s) + (20) HE (5) > t} (1.10)

where H?V(t) and HY(t), t > 0, are independent positively-skewed stable processes,
with v € (O, %] For g = 1 the composition above takes the form of a Brownian
motion at the delayed time £”(t), ¢ > 0. For v = 3 and n =1 this establishes the
fine distributional relationship

T(B@)) 2 B (c%%(t)), t>0, (1.11)

see D’Ovidio et al. [6].
In the present paper we consider the further generalization of the space-time
fractional equation with an arbirtrary number of time-fractional derivatives

SN B e (28) = =2 (A W, (1), @ ERYE>0,
(x,0) = §(z),

p
Wy, .-

5Vm

(1.12)

for v; € (0,1], B € (0,1], A; > 0, j = 1,--- ,m. The symbol %% stands for the
Dzerbayshan-Caputo fractional derivative which is defined as

Cor 1 b4 u(s)
t) = et d -1 N, (113
e 1 () F(m_y)A o sprimds  mol<v<mmeN, (1.13)
for a function f € L' (R) (for fractional calculus the reader can consult Kilbas et al.
[10]). The fractional Laplacian (=A)?, 3 € (0,1) is defined and explored in Section
1.2.2 below. We show that the solution to (1.12) is given by the law of the process
826 (c2Lvivm(t)), t > 0, where

Lrvorm(t) = inf {s > 0 : H"Vm(s) >t} (1.14)
and
FVL S Vm (t) — Z )\;.7‘ HJ”7 (t), t>0, (115)
j=1
for H;-'j, j=1,---,m, totally positively-skewed stable processes (stable subordina-

tors), of order v;. In other words we show that the solution of a general space-time
fractional equation (which includes reaction-diffusion equations, telegraph equa-
tions, diffusion equations as very special cases) coincides with the distribution of
a stable vector process taken at a random time LY(t), ¢ > 0, constructed as the
inverse of the combination of independent stable subordinators. For the classi-
cal Laplacian (8 = 1) we have that the solution to (1.12) is the distribution of a
Brownian motion at time £¥(t), t > 0.
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We also prove that the law of the processes (1.14) and (1.15) are also solutions
of fractional differential equations. In particular we show that

Pr{#vvvm(t) € do}

e (X, 1) = 1.16

fon e (2,1) - (1.16)
is the solution to the space-fractional problem for v; € (0,1)

%@/17"',1&71(1"775) = Z;nzl )‘ja%jjjﬁ”lwwl/m('r’t)v T > O’t >0

by v i (,0) = 0(z), (1.17)

Fusy oos 0, (0,8) =0,
while the law of £¥2>¥m () solves

> N B b e (@) = =2l (3,8), x> 0,t>0, (1.18)

4’1,“',Vm(0’t) = ET:I /\J'F(lti—Jz/j)7 .

for v; € (0,1). In (1.17) and (1.18) the fractional derivatives must be meant in the
Riemann-Liouville sense that is, for a function f € L! (R),

0" _ 1 d [*  fls)
ax”f(x)_l"(m—z/)%/o md& m—1<v<m,meN.
(1.19)

A section is devoted to the case of the fractional equation with two time deriva-

tives of order a € (0,1] and v € (0,1] with a # v,

C o

(&7‘1 + QAC(()?:> wg,v (m7t) = 702 (7A)5 wg,l/ (m?t) ) (S ant > 05
Wi, (2,0) = 6(x),

(1.20)

which takes a telegraph-type structure for « = kv, k € N, kv < 1. The Fourier-
Laplace transform of the solution of (1.20) for a = kv reads

Iukl/fl 4 2)\,&”71
-
H 20+ ]

For k=2, n =1, 8 =1, we have the classical fractional telegraph equation studied
in Orsingher and Beghin [12]. The Fourier transform of wa,, , (z,t) reads

o0 .
/ dx elgmwgwy(aj, t) =
— 00

o0
/ dte " [ dwe®uwl (x,t) =
0 R”L

kv,v

(1.21)

1 A y A y
=3 (1 + )\20252> Ey 1 (—mt”) + (1 - )\202§2> Eyq (—=nat )‘|
(1.22)
where 1, and 7y are the solutions to p?” + 2A\u” + 262 = 0 and

o0 2
z

E = - 9>0 R 1.23

1/),19(2:) ]CZ::OF(wk+19)7 ¢7 > U,z € R, ( )

is the two-parameter Mittag-Leffler function. For v = 1, (1.22) coincides with the
characteristic function of the telegraph process. For k = 3 and v < £ in (1.21) we
obtain explicitely the Fourier transform of the solutions in terms of Mittag-Leffler
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functions and the Cardano roots A, B and C of the third order algebraic equations
1 422" + 2 ||€]1*® = 0. For k > 3 we can write

k k
~B ,U,kV71 4 2)\/111/71 . NV7 . 1
Wy, (67#) = 28 — ,uy H » + 2)\,&” H ”
kv 2 + e €)% i B i i W Zi
(1.24)
but the explict evaluation of Z; is, in general, impossible.
In Orsingher and Beghin [13] n-times iterated Brownian motion
In(t) = Bi(IB2(IBs- - (|Bnsa(®))---D), >0, (1.25)
is considered and its connection with the fractional diffusion equation
oz 4, 02
P u(x,t) = 227 @u(x,t) (1.26)

investigated. Here we consider first the n-times iterated positively-skewed stable
process jH"i with weights A\; >0, j =1,---,m,

mooL
Yty = AT HY (oHY (3HY (- oHY(t)-+4)),  t>0, (1.27)

=1

We construct the inverse of the process (1.27) as follows

Lrvrvm(t) = inf {s > 0: HYV7Vm(s) >t} t>0. (1.28)
We show that the distribution of the composition
B, (cgv (1)), >0, (1.29)

where B, represents the n-dimensional Brownian motion, is the solution to the
Cauchy problem for v; € (0,1], r € N,

lo 2
{Z;”zl )\j%mfj{’:_. (@) = AW, (x,1),  xERME>0, (1.30)
) (2,0) = O(x).
We show that for the number r of iterations tending to infinity
law
B, (L rm(t)) = X, (1.31)
r— 00
where X, , is a r.v. independent from ¢ and possesses density equal to
nt2
m 2 m
Pr{X,.n € dz} 1 ijl Aj _n=2 ijl Aj
’ = m lzl|™ % Koo | ———|lz]| ],
dx (2m)z c 2 c
(1.32)

where K, (x) is the modified Bessel function. For n = 1 the distribution (1.32)
becomes the Gauss-Laplace law

PEPY _VE=N
¢ .
Result (1.33) was obtained also in Orsingher and Beghin [13] and by a different
approach for Ay =1, A; =0for j > 2, c= %, was derived by Turban [17] as the
limit of iterated random walks.

1, (r) = (1.33)
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1.2. Preliminaries.

1.2.1. One dimensional stable laws. Let us consider a stable process, say S”(t),
t>0,ve(0,2], v#1, for which, in general,

Rei€S”(t) — g—olélt(1—ibsign(€) tan 1) (1.34)

where 6 € [~1,1] is the skewness parameter and ¢ = cos %¢. In this paper we
consider positively skewed processes (6 = 1) say H”(t), t > 0, whose characteristic
function writes

Ey(g’t) :]EeifH”(t) _ 67t|§|"cos%(lfisign(f)tan%) e_t(|£|e_%5ign(£))u

= t(=)" (1.35)

where we used the fact that [¢] e~?2518(&) = —j¢. The process H(t), t > 0, has the
important property of having non-negative, stationary and independent increments,
and thus it is suitable to play the role of a random time. The law h,(z,t), x > 0,

t >0 of H”(t), t > 0, with Fourier transform ﬁl,({, t) and Laplace transform

ho(pt) = e, (1.36)
solves the fractional diffusion equation, for v € (0, 1],

(& + 25) hola,t) =0,  2>0,t>0,
hy(2,0) = 6(), (1.37)
hV(O7t) = Oa

where the fractional derivatives are intended in the Riemann-Liouville sense. We
notice that the process given by the composition of r € N independent stable
subordinators of the same order v € (0,1), say 1HY (oH” (-~ H”(t)---)), t > 0
has law which reads

Pr{{H" (1" (- H(t)- ) € dx} _

dx
2/ d811hu(33’51)/ d822hu(81,82)/ d833hu(52783)"'/ dsy rhy(Sp,t).
0 0 0 0
(1.38)

In view of (1.35) and (1.36) we can easily write the Laplace and Fourier trans-
forms of (1.38). For example the Laplace transform reads

Ee—# 1 H GH (r HY (1)) — / dee " Pr{1H" (H" (---» H"(t)--")) € dx}
0

o0 ., o0 o0 o0
= / dsy e 51# / dsa ohy (51, 52) / ds3 shy(s2,s3) -+ / dsy +hy(sr,t)
0 0 0 0

r

oo V2 oo o0 v
= / dsqe” %2H / dss3 shy(s2,s3) - / ds, vhy(sp,t) = e (1.39)
0 0 0

and therefore we have the following Fourier transform

Fe—i€1H" @H" (- HY ())) _ p=t(=i€)"" (1.40)



STABLE PROCESSES AT RANDOM TIME 7

1.2.2. Multidimensional stable laws and fractional Laplacian. Let us consider the
isotropic n-dimensional process S24(t), t > 0, 3 € (0,1], with density
1

vg (z,t) = dg e eft”E“w, zecR",t>0, (1.41)
(277)” Rn
and therefore characteristic function
T (£,1) = Eei€Si(®) = o—tlel*”, (1.42)
where the symbol ||-|| stands for the usual Euclidean norm. The law (1.41) is the

solution to the fractional Cauchy problem, for 8 € (0, 1]
(%+(—A)ﬁ) vg (z,t) =0, xER"t>0,
vg(x,0) = d(x).

The fractional negative Laplacian appearing in (1.43) has been considered by many
authors (see for example Balakrishnan [2]; Bochner [4]). The Bochner representa-
tion of the fractional Laplacian reads

(1.43)

—(~a) = Smﬁ”ﬂ /Ooo AN = A A (1.44)

Equivalently, an alternative useful definition can be given in the space of the Fourier
transforms, as

1

- (8 @) = G

| e sler e de (1.45)
where
Dom (—A)? = {u € L, (R™) : /]R (@) (1+ 1€*) de < oo} . (1.46)

In the one-dimensional case and for 0 < 28 < 1 we have that (see for example
D’Ovidio et al. [6] for details on this point),

82 B 625
<_6a:2> u(z) = _Wu(x)a (1.47)
where al%liﬁ is the Riesz operator usually defined as
0|28 - - 55 d 1.48
3|x|2ﬁu($) 2cos B I (1 — 20) dx/ e b (1.48)

and for which the Fourier transform becomes

23
F {aiwu(@} = g*Pa(e). (1.49)

—OO|

2. GENERALIZED FRACTIONAL EQUATIONS

2.1. Linear combination of stable processes. In this section we start by con-
sidering processes of the form

mooa
() = Y ONTHI(t),  t>0,0€(0,1),j=1,---,m, (2.1)
j=1

where H ;/j (t), t > 0, are independent stable subordinators of order v; € (0,1]
introduced in section 1.2.1. Furthermore we will deal with the inverse process of
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HYPm gay LPUVm(t) ¢ > 0, which can be defined as the hitting time of
HYLTVm as

mooL
Lt () = inf Qs >0 H T (s) =Y NTH () =tp, >0, (22)
The definition (2.2) of the process £ *¥m permits us to write
Pr{c v (t) <x} = Pr{#" " (x) > t}. (2.3)
We present the following two results.
Theorem 2.1. We have that
i) The solution to the problem for v; € (0,1), j=1,--- ,m,
L by v (1) = — PRV 8‘9;1 By oo (T, 1), x> 0,t>0,
by oo v, (2,0) = 6(2), (2.4)
oy oo v, (0,8) = 0.

is given by the law of the process H' Y (t), t > 0, defined in (2.1).
ii) The solution to the problem for v; € (0,1), j=1,---,m,

{Z >\J f)at JJ Elly"'ﬂjm(x’t) = _%4/11"'11"”1,(‘%’1;)’ T > Oat > 07 (2 5)

v

o (0,1) = S A
is given by the law of the process LY "Ym(t), t > 0, defined in (2.2).

The fractional derivatives appearing in (2.4) and (2.5) must be intended in the
Riemann-Liouville sense.

Proof of i). Since for the Riemann-Liouville fractional derivative we have that

ay . 12
F | @] © = (i) uto) (2.6
x
we can write the Fourier transform of the problem (2.4) as
9~ o9 =
aﬁl’la“‘st (évt) =-F |:Z )‘jaxyjﬁVly“'yVm(m7t):| (5) = Z ( Zf) Vl *Vm (f,t),
j=1 Jj=1
and therefore we have that
%h i (6:1) = z LA () Fuy e (6,1) @7
B, Vm('f 0) =
The Fourier transform of the law f,, ... ,, (x,t) of the process (2.1) is written as
1
R (W) = Reié T A H () U239 e, Ai(—i€)" (2.8)
for which
0 igHvL M = v7 m i
6t]E A = ;)\J —ig)" et X A (Zi9) (2.9)

This is tantamount to saying that the Fourier transform of f,, ... ., (z,t) is the
solution to the problem (2.7) and thus 4, ... ., (x,t) is the solution to (2.4). O



STABLE PROCESSES AT RANDOM TIME 9

Proof of ). In this proof we will make use of the Laplace transform of the Riemann-
Liouville fractional derivative which, in view of (2.6), can be written as

0¥ Y~
£ [ ] ) = wa o). (2.10)
Taking the Laplace transform of (2.5) with respect to ¢t we get
T 0~
S N by (1) = — oo e (3 10), (2.11)
— x
and performing the z-Laplace transform of (2.11) we arrive at
S N o (V1) = oy (0.18) = ALy, (7, 1), (2.12)
j=1

The boundary condition appearing in (2.12) can be derived from (2.5) as

by (0, 12) / dte—“tZ)\jr — ZAJMJ* (2.13)

and thus from (2.12) we have that
T ) = 2
o Zj:l AjHYT 4y
Now we show that the Fourier-Laplace transform of the law of the process £¥1"¥m (),

t > 0, coincides with (2.14). By taking into account the property (2.3) of the law
of LV ¥m we obtain

(2.14)

o0 oo
[V17"'7Vm(77p“) = dte*#t‘/ dl‘ei’ym[ul,"'»’/m(:p’t)
0

0

[eS) o) o t
:/ dte_”t/ dxe_”{ / dz fy, ... ’,,m(z,x)}
0 0 81:

1 [ [0 ~
R A
/0 dxe i mﬁl,h“.,y /(p,x)]

L

- _l/oodl’e_ww 2IEe_”EJ 1 JJHJ(w)
0 ox

o) m . llj*l
(1.36) _l/ dr e 3e—w23”_1w“j} = —Z”{:l Aip )
-ax Z]:l )\jlu'Vj +*‘Y
(2.15)

which coincides with (2.14). The proof of Theorem 2.1 is thus concluded. O

2.2. Generalized fractional telegraph-type equations. In this section we study
equations of the form

m Cay]
Z J OtVi l’h o VUm (w7t) = _02 (_A)B wlljl;"' Wm (iL‘,t), T e ant >0,
(2.16)

for v; € (0,1], 5 = 1,---,m, B € (0,1], ¢ > 0, A > 0. The symbol dt,” stands
for the Dzerbayshan-Caputo fractional derivative. Equation (2.16) generalizes the
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telegraph equation in that an arbitrary number m of time-fractional derivatives
appears and the n-dimensional fractional Laplacian governs the space fluctuations.
Concerning the equation (2.16) we present the following result.

Theorem 2.2. The solution to the problem forv; € (0,1], j=1,---,m, g € (0,1],

{Z’" Ny Sl o (@ t) = = (=AWl (1), R E>0,

why oy (2,0) = 6 ().
(2.17)

is given by the law of the process
Wyvm(t) = §28 (2L vm(t)), >0, (2.18)

where 828 is the isotropic vector process dealt with in section 1.2.2 and LV V= (t),
t > 0 is the process defined in (2.2).

Proof. Since for the Dzerbayshan-Caputo fractional derivative we have that,

L |:§;,u(t)] (ILL) = llyﬂ(,u) - ,uy_l’LL(O), = (()7 1)7 (2.19)

we can write the Laplace transform of (2.17) as
S N () = 3 At 6 @) = (A, () (220

The Fourier-Laplace transform of (2.17) is therefore written as
~f 27:1 Ajﬂuj_l
wV17“' Ym (5’ ’LL) = m Vs 2 28"
Djer A+ 2 IE]]

Considering (2.3) we can derive the Fourier-Laplace transform of the process (2.18).
We have that

{ﬁfly (& p) = dx e / dte_“t/ dsvg (a: 025) [ €% )

Rn

:/ dsefscz”s‘lm/ dte M [ /ﬁm, cvm(2,8)d }
_se?|le2e [ 0~
- _7/ ds e l€l (8 ﬁyh,.wm(u,s))
_ 7/ ds e—sclel® (O go—ns, A H (5)
K Jo s
(1.36) l/oo dse—sclel® (O —sxm xuts
K Jo s
= Z)\ Nyj_l/ ds e S IEN?P —s 320y Xy

_ O
- ; 2
Sy A+ 2 |€]*

Since the Fourier-Laplace transform of the problem (2.17) coincides with that of
the law of the process S2° (CQL””” Wm (t))7 t > 0, the proof is complete. O

(2.21)

= (2.21). (2.22)



STABLE PROCESSES AT RANDOM TIME 11

2.3. Telegraph-type equations with two time-fractional derivatives. When
in the equation (2.16) only two time derivatives appear we can rewrite the problem,
for a,v € (0,1] as

(% + %%) wf (@) = = (=A)" wi (2,1), @eR" >0,
wh ,(x,0) = §(x).
(2.23)

For a = 2v, v € (0, %] the reader can recongnize in (2.23) the standard form of

the classical fractional telegraph equation, investigated from a probabilistic point
of view in Orsingher and Beghin [12] (for n =1 and § = 1) and in D’Ovidio et al.
[6] (for n € N and g € (0,1)). In view of Theorem 2.2 is it not difficult to prove
the following result.

Corollary 2.3. The solution of the fractional Cauchy problem (2.23) is given by
the law of the process

Wer(t) = 828 (Lo (1)), t>0. (2.24)

where )
v

LY(t) = inf {s >0 HO(s) = HO + (20)7 HY(s) > t} , (2.25)
for HY and HS' independent stable subordinators.

Proof. The proof of this result can be carried out by repeating the arguments of
Theorem 2.2 and will not be reported here. It is sufficient to assume that A\; = 1,
A2 =2\, A >0and A\; =0 for j > 2. O

2.4. The case o = kv. Let us consider o = kv, v € (0, 1], k € N, in (2.23). The
problem becomes

{(2?:: +2>‘278:) wi,, (@ 1) = =2 (=A) wp, (z,t),  @TER"t>0,

kv,v kv,v

Wl (x,0) = &(x).

kv,v
(2.26)
In view of Corollary 2.3 the solution to (2.26) is given by the law of the process
S28 (2™ (t)), t > 0. The Fourier-Laplace transform of w,fyu(m,t) can be now
written as

~B Iulnufl +2)\Mu71 . qufl . 1
wk’u,l/ (57:“) = = ,Ufn » + 2)\”” ”
pr -+ 20+ ¢ €] = =
(2.27)
where Z; are the roots of u™ + 2 p” + ¢ ||€]*” = 0.
For k = 3 we get
~f 3v—1 1 1 v—1 1 1
() +on-t (2.28)

‘uviA’uuiB‘uuic lLtyfA,UJllfB,uV*C”

where A, B and C are the solutions to p3” + 2Ap” + 2 H&Hzﬂ = 0. Formula (2.28)
can be rewritten as

=B
w3V,V (57 /”’) =

(WAt 22 1 1
n uwr— A w—-B w—-C)B-C
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-6+ (- ) mmmeo

QwiAwic)m—cﬂB—m]

v—1 v—1 1 ! !
= (W 2 )L%ﬂuB—AHC—m+VW—BM—BHC‘m

P ! } (2.29)
w—CA-CO) (B-0)]" '

—

By considering now the relationship

v—(1-2v)

> 0
/ e rU==1p | o (Ct')dt = (2.30)
0

w-C

we can invert (2.29) with respect to p. Thus we can explicitely write the charac-
teristic function of the process S27 (2L (t)), t > 0, as

@5, (&t) = B o )

72 E, 19, (AtY) + 2)\E, 1 (At")  t%E,1_, (Bt") + 2\E, 1 (Bt")
- (B—A) (C — A) (A= B)(C - B)
t™2E, 1 9, (Ct') +2\E, 1 (Ct¥)

(A-C)(B-0C)

n (2.31)

3. MULTIDIMENSIONAL (GAUSS-LAPLACE DISTRIBUTIONS AND INFINITE
COMPOSITIONS

In Orsingher and Beghin [13] the authors have shown that the process
In(t) = Br(IB2(IBs- - (|Bpa (D)D), >0, (3.1)

converges in distribution for n — oo to a Gauss-Laplace (or bilateral exponential)
random variable independent from ¢ > 0. In this section we show that the process
B, (£ v (), t > 0, converges in distribution, for r — oo, to a multidimensional
version of the Gauss-Laplace r.v. and solves the equation, for v; € (0,1), r € N,

m

ZA au SO Wi (@d) = FARET (@), wCRLE0. (32

The process £/ ¥m(t), t > 0, is defined as
Lrrrvm(t) = inf {s > 0: H7V(s) >t} t>0 (3.3)

where
SRR Z 37 (oHY (sHY (--- HY (1)), t>0. (3.4)

We start by presenting the following results.

Corollary 3.1. We have that
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i) The solution to the problem for v; € (0,1), j=1,---,m, r €N,

6t hl’l, l/m(x7t) Z >\ a]rh sVm, (l’,t), 'I>07t>0a

Zl,m,ym(xvo) = 5( )7 (35)
;1,-<~,Dm(07t) = 07
s given by the law of the process
L
HYLTYm(f) = Z JOAHY (RHY (3HY (- HY(1)-4)),  t>0.  (3.6)
ii) The solution to the problem for v; € (0,1), j=1,--- ,m, r € N,
PDANPYE~ Jr U@ty ==210  (xt), ax>0t>0,
v P (3.7)

If,ly_..yl,m(O,t) = Z;ﬁ:l)\jﬁ
s given by the law of the process
o () = inf {s > 0 927 () 2 1), 10, (3.8)

Proof of i). The proof is carried out in the same spirit of Theorem 2.1, thus by
considering the Fourier transform of (3.5) we get

B0 (68) = =200 N (€) B, (601) (3.9)
Do (6,0) = 1.

The proof is completed by observing that the solution to (3.9) is given by the Fourier
transform of the law of the process £ = (t), t > 0, which can be obtained by
means of the calculation

1
RO "™ () _[geié Sy A0 1 HYI (o HYI (s HYI (- nHY3 (8)-))) (1:40) et ST A (i)
(3.10)
that is the solution to (3.9). O

Proof of #i). By considering the double Laplace transform of (3.7) we have that
SN ) =T (O m) = (1) (3.11)

where the boundary condition is given by

/ dte—“fZ)\]F Z,\JW L (3.12)

and thus ‘

D A -
Z;‘nzl AJNV'; +
The definition (3.8) permits us to state that the processes £41 ¥ (t), t > 0, and
Hrrorm ()t > 0, are related by the fact that

Pr{gV¥m(t) < 2} = Pr{r vn(z) >t} (3.14)

T (1) = (3.13)
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and thus we can perform manipulations similar to those of Theorem 2.1. We have
that the double Laplace transform of the law [, ., (z,t) is then given by

~ fe%e] [e%e] t
(V5 12) :/ dtef“t/ dre 7" [_88/ de);l,...,um(Z,x)]
0 0 T Jo

1 oo r 3 -
- _ = dre 7 | =—p"
/0 ze _axhu1,~~~,um(ﬂ7x):|

]
1 [ _ 0 % Vi(oHYi (3 HYI (-  HY3 ()
- _ = dre " | —Re rXizi A 1HYI (2B (3HY (- HY (1))
K Jo _‘9
o r » m Vi1
L [T e 9 ez, Am] DY SR
wJo | Ox Zgnzl ANjp’s 4+
(3.15)
and coincides with (3.13). O
Theorem 3.2. The solution to the problem forv; € (0,1], B € (0,1], j=1,--- ,m,
reN,
SN Sl (1) =~ (<A 0, (@), mERNE>0,
mg{f7 Vm (:1370) = 5(33)7

(3.16)
is given by the law of the process
M, (t) = 82° (v rm(1)),  t>0. (3.17)

where the process £ Ym(t), t > 0, is defined in (3.8). For 8 = 1, the process
(3.17) becomes the subordinated Brownian motion B, (c*£X (1)), t > 0.

Proof. The Fourier-Laplace transform of (3.16) can be easily derived as in Theorem
2.2 and reads

=Br (&) = POy At
Vm ? - v 28"
STy A+ 2 [|€]*

By considering the law of the process §2% (622?7”' ym (t)) we have that

/ "t e R ST (B )
0

:/ dx eiﬁ-w/o dt e*“t/o dsvg (@, c?s) [, ., (s1)
] a2 28 [e’e] . 8 t .
/ ds e—s< €l / dte M {_/ R CA )| dz}
0 0 9s Jo
1 > 2 28 0 ~
_ L7 e emsenen (9 g
L ase S )

= x
- l/ ds e I&1*” (aa Ee# Xt 1H“J‘(szsH"-f(mTH“J‘(t>-~>>>>
K Jo

(139 _ l/m ds e €1 (3 ST Aju”a*)
M Jo 9

(3.18)
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m -1
= 3 i Vi~ / dse *¢ 1ENP —s 37, Ajn v Zj:l Ajuti
_Y o, o 2
e S A+ e g
(3.19)

which coincides with (3.18). O

We now consider the limiting case for » — oo where the iteration of the process
826 (c2gravm(t)), t > 0, is infinitely extended. In the next theorem we have
that the limiting law of

lim S27 (2Lv v (b)),  t>0, (3.20)

r—00

is, for B =1, a generalization to R" of the Gauss-Laplace probability density. This
result represents an extension to the n-dimensional case of the infinitely iterated
Brownian motion.

Theorem 3.3. The distribution of the limiting process
lim B, (L2 (1)) "2 X, (3.21)

T—00

does not depend on t and reads
Pr{X,, € dx}

mm(xlv"' 7xm) = dr
nTH
1 \/ Z‘jlzl >‘j _n=2 Z_j:l /\j
—(2 = ||m|| Kn s | —— ||z | - (3.22)
)2 c c

The density (3.22) solves the equation

Z)\ l’Um L1, ,T 22 o 2 331; o a‘Tn)a (323)

which is obtained from (3.16) by letting r — oo.

Proof. By assuming

A= i ., p=Y=IT77 (3.24)

the density

W (x) = A a3 Ko B Z:r (3.25)
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n —i
1
= —ABz; (Y 2| K (B (m§+---+xi)2). (3.26)
j=1
In the last step we applied the relationship
d v
@KV(Z) = ;KV(Z) - Ky11(2) (3.27)
of Lebedev [11], page 110. The second-order derivative now becomes
32
Wmm (T1,+2n) =
j
n -4
= 4B (Y 22| Ky (B(d+-+ad)?)
j=1
_n_1q
n 1
+ - ABz; me) K= (B (z3+-+ xif)
j=1

j=1
—_n_ 1
n 4 2
1
+AB%2 [ a2 Koo (B (224 +a2) 2) . (3.28)
j=1
By considering the relationship
Kyi1(2) = Ky_1(2) + 2%}(”(2) (3.29)
of [11], page 110, the derivative (3.28) takes the form
2
ail?mm (l‘lv' o axn) =
_n_ 1
n 4 2
=AB%2} (> a3 Ko 1 (B(ai+-+a2)). (3.30)
j=1
The Laplacian of w,,(z1, -, Z,,) therefore becomes
_nt2 1
n 62 n 4 n 2
Z@mm (x) = AB* | Y a? Koz |B|Y o (3.31)
j=1 J Jj=1 Jj=1
and thus taking A and B explicitely we obtain the desired result
n 32 m
>y 5oz 0m (T, ) = D Ao (@, @), (3.32)
: i =
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O
Remark 3.4. For r — oo the Fourier-Laplace transform (3.18) becomes
=f 1 SN
w0, (€ ) = — s, (3.33)
B i Ay eIl
and thus the Fourier transform takes the form
~ [Py
oy, (€) = =1 (3.34)

55
S e Nl
The inversion of the Fourier transform (3.34) can be carried out by means of the

hyperspherical coordinates. Thus we have that

m

1 ) N
Wi (@) = e [ e D —"
(2m)" Jpe D=1 A et |€]l

= dp p" / df / do / db,,
(2m)™ Jo 0 ' 0 2 0 ?
27

/ dd) efip[a:l sin 61 sin O+ sin 0, _2 sin ¢+x2 sin 01 sin O2--- sin 6,, o cos @]
0

e*ip[xg sin 64 sin 02+ sin 0,3 cos 0, —o+ -+ +T5 1 sin 01 cos O2+x,, cos 1]

E;‘nﬂ Aj
Do A+ c2p?

1 oo s T s
= W / p"_ldp/ do, / dbsy - -- / dB,,_s sin" 20, sin" 20, - - -sinb,,_o
0 0 0 0

671'p[13 sin 64 sin @2+ sin 0, _3 cos 0, —o+ -+ +x5,—1 sin 01 cos O2+x,, cos 1]

D A [ 2 .
s )J\j 1+ Zme Jo (p 2?2 + 23 sinf; sinfy - - - sin 0n2> (3.35)
=

We now evaluate the integrals with respect to 6; by means of formula 6.688 page
727 of Gradshteyn and Ryzhik [9], which reads

sin” 26, sin" 260y - sinf,_o

5 v
T «

/2 sin”*! x cos (Beosz) J, (asinz)dr = )/ s ——————5J, 41 (\/ a? 4+ 52) .
2 (.2 2\zt1 2
0 (a2 4 (2)
(3.36)

valid for ®(v) > —1. We start with the integral with respect to 6,,_2

s
/ df,, _o e PTISIN 01+ 5in 0 g cosOn_2 gip On—2 Jo (p\ / m% + x% sinfq - - -sin On_z)
0
jus
p)
= 2/ d0y,—o cos (pr3sin b - - -sin by _3 cosOp_2)sinb,_2Jo (py / 1’% + 1‘% sin @y - - - sin On_Q)
0

1
-3
=27 <psin91-~-sin0n_3\/x% +x§ +x§) J% (py/x% +I% +x§ sin91~~sin9n_3)

and thus the integral with respect to 6,,_3 becomes

T
/271, / dan_sefszél sinfq---sin@, _4 cos 6, _3 Sin2 on_g
0

1
-3
<psin91 -esinb,_3y/2? + a3 +:1:§> J1 (p\/x% + 23 + 23sind; - ~~sin0n_3>
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3 )
=2V2r <p Sinf,_1---sinf,_4y/2? + 23 + :E%) / df, _3 sin2 0n_3
0
cos (prgsinfy - --sinf, 4 cosb,_3) J1 (p\/x% + 23 + 2% sinfy - - - sin Gn_3>

(NI

N|=

= (\/%)2 (p*sin® 0y - - -sin® 0,4 (27 + 23 + 23 + 23))

Ji (p\/x% + a2 + 2% + 22 sin6; sin s - - - sin 9n_4) ) (3.37)
After n — 2 integrations we arrive at the integral with respect to p which reads

n Zm—1 >‘j
8 -z j=
W, (T 2m)" 2 dp m =

() ( ) 0 Ej:l Aj 2p?f

which, for 8 = 1 and after the change of variable p?c? = 32, becomes

0, (CC) =

W1 [ A
:(gw)ff,/ dyga;leﬁ
c 0 Zj:lA]—’_y 2

% n—=
for n<5 1 Z;n:l)\j :
T (2n)3 c Koz
nt2
1 Z;nzl Aj i _n-2 \/ Zgnﬂ Aj
S o~ Ko (el |, (3:39)

where we used formula 6.566 page 679 of Gradshteyn and Ryzhik [9], which reads

> v+1 1 v 3
/0 dr z¥* Jy(aﬂﬁ)m = b"K,(ab), a>0,R0b) >0 -1<R) < 7
(3.40)

Remark 3.5. We can check that (3.22) for all n € N is a true probability density.

/n W, () de =

m 2 m
_area (ST) PIIEPY /°Q e n=2 2=
- (2n)? ¢ 0 g

o |dp =1 (341

wl3

m 2 m
(2m)z 1 Zj:l Aj /Do p%K Zj:l Aj
0

in force of formula 6.561(16) of Gradshteyn and Ryzhik [9] page 676

o0 1 14 p—
/ 2K, (az) = zulau1r< +’2‘+"> I‘< ﬂ; ”), (3.42)
0
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valid for ® (u + 1 £ v) > 0 and R(a) > 0. The non-negativity of (3.22) is shown by
the following integral representation

o
K,(z) :/0 e sht cosh vt dt (3.43)

valid for |arg(z)| < 5 (see [9] page 917 formula 8.432).
By considering that

(2) =/ =—€e77, (3.44)

from (3.22) we derive the following probability density for = € R3,

W0, (21, 22, 23) =

Z;nzl Aj R e ZS'Z:I % VI Z;n:l Aj e 23}1 %

j=1"j —

(20)°m 325, 23 (2¢)2 |||

In the two dimensional case the distribution (3.22) has a simple structure which
reads

Izl (3.45)

m
1 ™o Z’:l Aj
72]_1 JKO J

(@1, 32) = 5= = = all |- (3.46)

In view of (3.44) it is also easy to show that the distribution (3.22) coincides for
n = 1 with the classical Gauss-Laplace distribution. We have that for n =1 (3.22)

becomes
3
5
1 V YA ] e ,Mm

x| | ———ct e

0, (r) = ——
2m ¢ 2,/ Z;nﬂ Aj |zl
Ve N
I N el (3.47)

2c

Furthermore, for Ay =1, Ay =2\, A >0and A\; =0 for j = 3,--- ,m, we note that
(3.47) coincides with formula (3.18) of Orsingher and Beghin [13].

Remark 3.6. By considering the iterated random walk
Yu(k) =51 (82 (- (Su(k))---)),  KEN, (3.48)

with S;, j =1,---,n, independent random walks, Turban [17] has shown that for
n — 00, Y, (k) converges to a stationary r.v. (independent from k) which possesses
Gauss-Laplace distribution, in accord with result (3.22) of the present work and
with (3.12) of Orsingher and Beghin [13].
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