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ABSTRACT. For the fundamental solutions of heat-type equations of order n we

give a general stochastic representation in terms of damped oscillations with

generalized gamma distributed parameters. By composing the pseudo-process

X, related to the higher-order heat-type equation with positively skewed stable

rv.’s T, j = 1,2,...,n we obtain genuine r.v.’s whose explicit distribution
3

is given for n = 3 in terms of Cauchy asymmetric laws. We also prove that
X3(TY(...(T7(t))...)) has a stable asymmetric law.
3 3

1. INTRODUCTION
The problem of studying the form of fundamental solutions of higher-order heat
equations of the form

Ay, O U,

(1.1) ot (m,t)zﬁmm(:c,t), reR, t>0, m>2
with

U (z,0) = §(x)
where

[ (=1)™/2+1 if m is even
Fm =1 41 if m is odd

has been tackled in some particular cases by mathematicians of the caliber of Bern-
stein [3]; Lévy [7]; Polya [11] and Burwell [4]. By applying the steepest descent
method some recent papers by Li and Wong [8], Accetta and Orsingher [1], Lachal
[6] have explored the form of the fundamental solutions of equation (1.1). The aim
of this note is to give an explicit representation of the solutions to (1.1) for the case
where the order of the equation is odd, alternative to the inverse Fourier transform

1 . - 3\ym
1.2 m(z,t) = — [ e7BeHt=iB mm g
(12) wnlait) = 5- [ g
and capable of representing the sign-varying behavior of the fundamental solutions
o (1.1). Our result is that the fundamental solutions to (1.1) have the probabilistic
representation
1

(1.3) wgpt1(z,t) = —F {e_b"””GQnH(l/t) sin (anxG2”+1(1/t))] , zER t>0
xm
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in the odd-order case, and
1

(1.4) Uan (z,t) = —E[sin (zG*™(1/t)) }, reR, t>0
mwr

for the even-order case. In (1.3) and (1.4) by G"(¢) we denote the generalized
gamma r.v. with density

Y1 z7
g (z,t) =~ ; exp (t)’ z,t >0, v>0.
The parameters a,, b, appearing in (1.3) and (1.4) are
T b ) T
ap = C0S ————, b, =sin ———.
2(2n+1) 2(2n+1)

Results (1.3) and (1.4) show that the fundamental solutions have an oscillating
behavior which has been explored in several papers by many researchers. In our
view our result represents a concluding picture of the solutions to higher-order heat
equations. For all values of the degree n of the equation (1.1) we have solutions
which have the behavior of damped oscillations where the probabilistic ingredients
(the generalized gamma or Weibull-type distributions) depend only on n € N. An
alternative universal representation of the fundamental solution in the odd-order
case reads

1 nrk k
(1.5) Uzp+1(7, sz<2n+\[> k!sm2n+1 ( +2n+1>

Functions us,4+1 display ascillations which fade off as the degree 2n + 1 of the
equation increases. A special attention has been devoted to third-order equations
where we have that

(1.6) us(x,t) =—=

(L.7) :3—/ e 2 sin (ﬁxy) y26*t93 dy
T Jo 2
1 & 1 k k
1.8 — —I1+=].
w L5 () h i (1+4)

In the fourth-order case (biquadratic heat-equation) in Orsingher and D’Ovidio [10]
we have shown that

1t
ug(z,t) =5 / e 22 cos (zy) dy

— 00

V2|| E o1
%Wz ) ( t1/4> F(2+4)'

In a recent paper we have shown that the composition of an odd-order pseudo-
process Xo,4+1 with a positivly skewed stable r.v. T2 L of order #ﬂ yields a

), reR, t>0

genuine r.v. with asymmetric Cauchy distribution, that is
t cos 72(2:{“)

™ [(33 + tsin 50y )2 + 12 cos? T

(1.9) P?“{Xﬁ(Tﬁ(t))Edl‘}Z dx.
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For n = 1 from (1.9) we can extract a very interesting relationship for the Airy
function which reads

Pr{Xi(Ty(t)) € da}/dx =

1 (Nt 1 [t V3 t
Ai - Ai ds = ———— |
0 Vv3s v3s) s+v/3s V/3s 21 22 + xt + t2

We show here that the m-times iterated pseudo-process (with 7, ,7=1,2,....m
2n+41

independent stable r.v.’s)
Zm(t) :X2n+1<T11 (T21 ((Tml (t))))), t>0

2n+1 2n+1 2n+1

is a stable r.v. of order W with characteristic function
(1.10)
iBZm (t) — Grrom=T m B T
Ee'#Zm(t) — exp [—t|ﬁ| (ntyym—1 <cos 72(271 1y + zm sin 72(271 n 1)m>} .
We have also explored the connection between solutions of fractional equations
0“u  Ou
T
with the solutions of higher-order heat-type equations (1.1) for o = %, m € N.

=0, 2>0,t>0

2. PSEUDO-PROCESSES

Some basic facts about the fundamental solutions of higher-order heat equations
had been established many years ago essentially by applying the steepest descent
method. In particular, Li and Wong [8] have shown that the number of zeros is
infinite for solutions to even-order equations. The steepest descent method was
applied by Accetta and Orsingher [1] for the analysis of the third-order equation.
The oscillating behavior of the solutions of higher-order heat-type equations is
confirmed by our analysis. Furthermore, for the odd-order case our results show
that the asymmetry of solutions decreases as the order 2n + 1 increases. The result
of Theorem 2.1 below shows that solutions of all odd-order heat equations can
be constructed by means of damped oscillating functions with gamma distributed
parameters.

We pass now to our principal result.

Theorem 2.1. The solution to

" n82nt+ly,
(2.1) Qu (P u pER, >0
u(z,0) = 6(z)
1s given by
1 n
(2.2) Usna1(x,t) = ;E [e—bnarcz +1(1/1) sin (anxG2n+1(1/t)):|
™

where, VYt > 0, the r.v. GY(t) has the generalized gamma distribution

V1 7
g (z,t) =~ S exp <_t>’ x,t >0, v>0.
and

an = COS b, = sin

T T
2(2n+1)’ 2(2n+1)
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Proof. We start by evaluating the Fourier transform of (2.2)
(2.3) / P ugp 1 (x, t)da

R
o0
) 2n+ 1)t _ . o 2ntl
= [ "%y Qe bt gin(apzw)w? e~ dw
R 0 T

dz dw

o] iBx+ianrw—byrw iBr—ianrw—byxw
2n+1 e —e
=2n+ 1)t/ w?te~ v /
0 R

2mix
=(2n+ 1)t / w? e " [Hg(w(an — iby)) — Ha(—w(an + iby))] dw
0

where in the last step we used the integral representation of the Heaviside function
eiyw 1 e—iyw

1 —iwx wx dw

H = —— = —
@) ==5 | w T on Jg iw

By a change of variable, the Fourier transform (2.3) takes the form

it I G YUY B RTINS
/Re van s (2 ) =7 T N [ e ()™ Hp (w)dw

(2n+ 1)t T on ()2
gy v Halu

=i(2n + l)t/ w2"67”w2n+1Hg(w)dw
0

2n+1

+i(2n + l)t/ w? ™ Hg(—w)dw
0

Foo o 2n41
=i(2n + l)t/ w?e M Ha(w)dw

o0 )
(2.4) =i(2n + l)t/ wzneﬂth"* dw
B
In the above steps we used the fact that
(an +iby)*" ™ =4, and (a, —ib,)*" " = —i.

The integral (2.4) can be performed in two different ways. First we can take the
Laplace transform

0 . > > S 2n41
/ e Mt (/ elﬁxugnﬂ(azt)dx) dt :/ w2"/ e~ WF T (20 + 1) dt dw
0 R B 0

~[i2n+ Dw?dw
_‘/ﬁ (‘LL + iw2n+1)2
_ 1

RN

> 2n+1
_ . n
z/ e Ml gt
0

+OO - - 2n+1
/ elﬁ‘”uQnH(:E, t)dx = e P )

— 00

This shows that
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We can arrive at the some result by means of the following trick

oo o0 L ond1 2n+1
/ P ugp i (x, t)de = lir% [i(2n+ l)t/ L L
— oo e 8
= hm 7Zt e_(it+lt)B27L+l
p—0 41t
:e*itﬁszrl'

We have thus shown that the Fourier transform of (2.2) coincides with the Fourier
transform of the solution to the Cauchy problem (2.1). O

For the special case of the third-order heat equation we have the following result.

Theorem 2.2. The solution of the Cauchy problem

u(z,0) = 6(x)
can be written as
1 e . (3%
(2.6) us(@,t) =—F [e 3G/ g ( 5 G3(1/t)>}
3t [ _au 3
(2.7) = e~ 2 sin (?my) yge_tyg dy
0
(2.8) 1A'<x> ER,t>0
. = i , T , .
v/ 3t V/3t

Proof. 1t is convenient to work with the following series expansion of the Airy
function (see Orsingher and Beghin [9], formula (4.10))

. _3—2/3 L sin(2m(k+1)/3) . (k+1

(2.9) Ai(w) —Tg(?’ Fw)* k! F( 3 )
_3—2/3 L _ysin (27k/3) . [k
b YLl oot ()

wT k! 3
k>1

_ 1 2(31/3w)ksin (27Tk/3)r (k N 1) .

If we expand the function

eiw sing __ efi:v sin ¢

(2.10) gz, d) =e* 9 sin (xsin ¢p) = e ¢ 5
i
_eweid’ _ ewefi‘ﬁ B 1 i (z6i¢)k i (l,efiﬁb)k
B 2 2 k! k!
k=0 k=0
ok gith _ g—itk X ok
=) W S gtk

k=0 k=0
we establish a relationship which is useful in transforming (2.9) as
1 in (27k k
Ai(w) =— 2(31/3w)kwp < + 1>

wT k! 3
E>1
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: oo
_ 1 Z(31/3w)k sin (27k/3) /B2,
wT k! 0
k>1

= L e % Z((3z)1/3w)kw dz

wm fy = k!
) 6
:i e~ (32 w/2 gy <3/ 1/3 > dz.
wT 0 2

Now we write

1 , x 3t [, 5, 2y . (32
(2.11) (3t)1/3Az ((3t)1/3> _a/o z“ exp (—z t— 7) sin (2233 dz.
From (2.2), for n =1 (y = 3), we write

3t T
uz(x,t) Z*/ e~ "SI0 E gin (xz cos 6) 222 dz
0

T

=(t=y) = E/ e Ve 5V sin <\2[:1c {/g) dy.
0

This proves, in a different way, that
1 T
ug(x,t) = —=Ai | —= | .
(1) = 7 (3316)

Theorem 2.3. We can write the fundamental solution ua,41 in the following al-
ternative form

nwk k
2.12 -— ino——~T({1
( ) u2n+1xt Wﬂfz(%*—\/») kl 2n + 1 ( +2n+1)

Proof. From (2.2) we have that

(277’ 1)t —zysin 552~ - s o —ty2ntl
=" "7 Y 22n+1) n Y d
Uont1(x, 1) ; e sin | xy cos 32n 1) ye Y

O

™
2n + 1)t o _nmw . 10
0

oo o0 _ k?
=(by (2.10)):_w/ yzne,tyzmz( xy)* ok "
0

|
T — k! 2n+1
0o k
1 - 1 nwk k
- — ) =—sin|—)r(1
ﬂzkzzo <t2n1+1) k! st (2n+1) ( + 2n—|—1>

Remark 2.4. We note that

nt1(0,1) = i I'i1 — —
Y2 +1( ) ﬂ—tTIH Sln<2n—|—1> < +2n+1) b

Remark 2.5. We are able to evaluate the semi-infinite integral

o0
/ Uan+1(z,t) dz
0




HIGHER-ORDER EQUATIONS 7

by means of the representation (2.2). Indeed, by considering that

oo _—Bx
(2.13) / ¢ sin (Az) dx = arctan <A>
0 B

T
T arccot A
= — — ar —
2 B

(see Gradshteyn and Ryzhik [5], formula 3.941) we get that

o0 oo
/ Ugnt1(x,t) dz —/ —E [ bGP (L) G (axGQ”H(l/t))} dx
0

=[5 - avecor (§)
Z | = — arcco
T2
1
1 cos
- [ﬂ- arccot ( 72r 2”1“ )1
|2 Sin 5 5o
1
(2.14) -
2 o +1

which is in accord with Lachal [6, formula 11].

Theorem 2.6. The solution to

ou 0%y
2.1 — = (=1)"*! R, t>0
(2.15) ot~ VT g vER >
with initial condition u(x,0) = §(x) can be written as
1. .
(2.16) o (2, ) = %E[sm (2G? (1/t))}

Proof. The solution to (2.15) is given by
1 [ n
Uop (T, 1) = 7/ e~ cos Bz dB.
T Jo

By integrating by parts we get that

i n 2 t n
Ugp (z,t) = %e*w2 I / B2—1e=t0"" gin Bz dB
T
and this concludes the proof. ([

Remark 2.7. The solution (2.16) takes the following values in the origin

1 1 1 n— oo 1
U2 (0,8) = ~BG¥"(1/t) = —T (1 + ) oo L

wtl/2n 2n T

Clearly, in force of the symmetry and by considering formula (2.13), we obtain that

e 1
/ Ugn (2, t)de = —.
0 2

Remark 2.8. It is well-known that the solution to the fractional diffusion equation

" u 2 9%u
=A zeR, t>0,ve(0,2]
2.17 otV 92> ) ) P
(317 {Eoie
with

u(x,0) =0 for ve(1,2]
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is given by

:27T)\1t1//2 ki % (_)\LJ;“/Q) r (g(l + k)) sin ( 5 (1+ k‘))
=0

The folded solution to the equation (2.17) reads

~ _ 2uy(z,t), x>0
() = { 0, 2 <0

and for v = 2, o € (0,1), A = 1 becomes

(2.18) Go(z, 1) S Z (—i)r Ha(r+1) sin (ra(r 4+ 1)) .

Tte ‘ te r!
—

This represents a probability density of a r.v. X(¢) on the half-line (0,00) which
can be expressed in terms of positively skewed stable densities.

toz+1 ataJrl
yott )

t

PriX(t) € dz} =qo(z, t)dz = <x - > = 4 <

ya—i-l

atoc+1

—a % ( ta) T(a(l+k))sin (ra(l + k)) de

Yy
_ O‘tlz;‘< ta) D(a(l + k) sin (ra(1 + k)) dy

where in the last step the expression of the stable density
(2.19)  pa(z,a,1) Z i a(1 4 k)z~ 0+ Lgin(ra(l + k), zecRy.

The calculations above show that the r.v. X(t) with distribution (2.18) can be
expressed as

where Y () is a positively skewed stable-distributed r.v. of order o € (0,1). In
other words the stable law of Y'(¢) is related to the folded solution of the fractional
diffusion equation X (¢) in the sense that

Y(t) ¢ <Xit)) e .
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This is because

Pr{Y(t) <y} = Pr {X (> f: } - /

oo

. palz, a,t)dx.

e

We give also the Laplace transforms with respect to time ¢ and space z of g, (z,t)

> 1 1
2.2 N S [ RV T —
(2.20) A e oz, t)dx { o 1 < )\to‘ﬂ
:Ea71(—Ata), t>0

where in the last step, formula

1 1
_EEfa,lfa (1‘) = Ea,l(‘r)

has been applied (see formula (5.1) of Beghin and Orsingher [2]). Furthermore,

(2.21) / e My (z, t)dt = p*te ™ > 0.
0
Formulas above help to check that g, satisfies the fractional equation
0%u  Ou
2.22 —+—=0
(2.22) ot oz

with iniital condition u(x,0) = d(x) where gTC; is the Caputo fractional derivative.

Remark 2.9. The double Laplace transform of (2.22) reads
(2.23) pOLO ) = = LA, p)
where

E()\,u):/ e_“t/ e Mgy (z,t) dx dt.
0 0

Since

a—1

W
2.24 L\ p) =
(2.24) (A, 1) A

the ¢-inverse Laplace transform is (2.20) while the z-inverse Laplace transform can
be obtained from (2.24) as

a—1 e o]
M _ ,a—1 —z(A+p)
2.25 = dz.
(2.25) o S v
Remark 2.10. For a = 1/2, the formula (2.19) yields
. Ll JD((r+1)/2) _een
pija(;1/2,1) =~ ;(71) e T sin(a(r 4 1)/2)
1 S |T(k+3) s ™ (k)
== b sin (wh o+ ) = e sin (mh
or 2|k " (“ t3) ot s
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1on L (2E) —
27T$3/2 Z 2 ' I'(k) vt

2_2kl‘_k

= 322 |
2y/mas/? k‘.

1 1

2.26 = exp|——— ).

(2.26) — oo (-1 )
The result (2.26) shows that the stable law (2.19) for & = 1/2 coincides with the
first-passage time of a standard Brownian motion through level 1/v/2.

Remark 2.11. Two solutions to the third-order p.d.e

ou &Bu
2.27 Z__ =
(227) ot Ox3

are given by

1 x
T,t) = Ai
P 1) v/ 3t (33t>

z 1 ([ =z T

and

Indeed, we have that

%@c, )= — ;p(m,t)Jr t%(axt)
and
%(m) —%p(l‘, t) + ;%(% t),
24 ) 2P0+ 220 ),
O ) =2 0 ) + 120 )
_%%( ) %%(%t)

and therefore

dq 0%q 1 *p
E(%t) + @(%t) ) 315@(55,15) —axp(z,t) ).
By observing that
0? 1 x 1, 1, [ x
922 {B?Jy (3315)] = Qy (2) B = Qy 3315)

and the fact that
y'(2) —2zy(2) =0

that is, y satisfies the Airy equation, we get that
Bq 0%q

(x t) =0.
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By recursive arguments it can be shown that

(2.28) Fmlz,t) = (%)m %Ai (f:%t)

is also a solution to (2.27) for m > 1.
Remark 2.12. We have shown in a previous paper that the r.v.
(2.29) Z(t) = X5(T; ()

obtained by composing the third-order pseudo-process X3 with the stable subordi-
nator T% with distribution

t 1 t
2.30 PriT.(t) € ds} = ds———Ai [ —— ), s,t>0
(2.0 rTy 0 eds) —ast i () s

possesses Cauchy distribution
1 T t 1 t
Pr{Z(t) € dz :da:/ Ai( ) Ai( )ds
et =t | 554\ ) s v\ v
e
- 2m(a? + ot + ¢2)
V3 t
:daj‘i—t 3 .
2m (z+ 5)% + 52

Result (2.31) shows that (2.29) is a genuine r.v..The characteristic function of (2.31)
is clearly

(2.31)

oo V3 St

(2.32) / P Pr{Z(t) € dz} = e~ 2 HAI=135,
— 00

We have now the following generalization of the previous result for the compo-

sition of the pseudo-process X3 with successively composed subordinators of order
1

3
Theorem 2.13. The r.v.
(2.33) Zn(t) = X3(T%1(. A(TE®) )

with Ti, j=1,2,...,n, independent, positively skewed r.v.’s with law (2.30) has
3
characteristic function

FetBZn(t) — exp [,t‘mg%l (cos 5 .7r3n +isgn(fB) sin 5 Wgn”

(1 +isgn(B) tan 5 Tgn)}

1 ™
(2.34) =exp [ft\ﬁl 7T cos 5
Proof. We first observe that
Pr{Z,(t) € dz}/dx

_/00 /00 1 A x sy 1 i S9 t 1 A t ﬁ ds.
o o ¥3Bs ¥3s1 ) s1 &/3s1 &3s1) " sp /3s, /3s,, e /
has Fourier transform

“+oo
/ €02 Pr{Z, (t) € du)

— 00
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> s sy 1 s t 1 t -
:/ / e~ 22 Ai 2 e — Ai Hds
0 0 81 v/3s1 /31 Sn v/35n J3sn =1

[ s () L (),
0 0 89 /389 /3sq Sn /35, 35, e

exp [t (¢'% sgn(5)161°) |

ol )

=exp {—tw =T (cos 5 gn + i sgn(p) sin 5 773”)} .

We observe that the characteristic function of a stable r.v. S, (¢) can be written as

¢}

(2.35) FeiBSa(t) —o—tIBl%e " G
L e
=exp —O't|ﬁ|a (1—29 >:|
[ a1
where
e
= e 7r2a [_17 1]
 tan T2 o
and o = cos Z¢ > 0. In our case o = 3n FeoT, V = 37 and therefore o = cos 5755 and
tan 54
(2.36) - Masr
tan 5=r—r

and since 6 # +1, the r.v. Z, is spread on the whole line with parameter of
asymmetry equal to (2.36). O

Remark 2.14. We note that by adjusting the derivation of (2.34) we can obtain
result (1.10) of the introduction.

Remark 2.15. The positively skewed stable r.v. T,(t), t > 0, « € (0,1), with
Laplace transform
EeMalt) — g=2%t
has characteristic function
EeBTa(t) — pe—(=iB)Ta(t)
—e—t(=iB)"

:exp[ tp| e F égn(m}
—oxp [131° (oos 5 - o ")

=exp [—t|ﬁ|a cos% (1 - zm tan my)}

and therefore with asymmetric parameter = +1 and o = cos 7*.
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I—

n=1 n=2
n=3 n=4
n=>5 n=30

FIGURE 1. Profiles of odd-order solutions, m = 2n + 1
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