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cesses and examine the related probability generating functions and mean
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1 Introduction

We assume that we have a population of ng individuals or objects. The
components of this population might be the set of healthy people during an
epidemic or the set of items being sold in a store, or even, say, melting ice
pack blocks. However even a coalescence of particles can be treated in this
same manner, leading to a large ensemble of physical analogues suited to the
method. The main interest is to model the fading process of these objects
and, in particular, to analyse how the size of the population decreases.

The classical death process is a model describing this type of phenomena
and, its linear version is analysed in [1], page 90. The most interesting feature
of the extinguishing population is the probability distribution

pk(t)ZPI‘{M(t):kIM(O):TL()}, t>0,0<k<nyg, (1.1)

where M (t), t > 0 is the point process representing the size of the population
at time t. If the death rates are proportional to the population size, the
process is called linear and the probabilities (1.1) are solutions to the initial-
value problem

Lpe(t) = p(k + 1)prsa(t) — phpe(t), 0 <k < ng,

1, k=n, (1.2)
PO =00 0<k<n.

with pn0+1(t) =0.
The distribution satisfying (1.2) is

pdn-C?>eH“(1emy”ﬁ 0<k < no. (1.3)

The equations (1.2) are based on the fact that the death rate of each compo-
nent of the population is proportional to the number of existing individuals.

In the non-linear case, where the death rates are p, 0 < k < ng, equations
(1.2) must be replaced by

Lor(t) = peprprerr () — prpe(t), 0 <k <np,

(0) _ 17 k:TL(), (14)
PRV =0 0 <k <o

In this paper we consider fractional versions of the processes described
above, where fractionality is obtained by substitution of the integer-order
derivatives appearing in (1.2) and (1.4), with the fractional derivative called
Caputo or Dzhrbashyan—Caputo derivative, defined as follows

t /
O 1) e o
- = , <v<l1
dt I'(l—v) /) (t . 8>V ’

@, v=1.
The main advantage of the Dzhrbashyan—Caputo fractional derivative over
the usual Riemann—Liouville fractional derivatives is that the former requires

(1.5)



only integer-order derivatives in the initial conditions. The population size is
governed by

Look(t) = ppprir () — pepe(t), 0 <k < no,

1, ]C:’I”Lo, (16)
v 0 —
O =9, 0 <k < no,

and is denoted by M"(t), t > 0. The distribution
pr(t) =Pr{M"(t)=Fk| M"(0) =no}, 0<k<o, (1.7)

is obtained explicitly and reads

Eu,l(_ﬂnofu)y k = nyg,
ﬁ MjiM, 0 < k < ny,
=y L ) 19
T pn v
177; hl;[l <uh—u ) vi(—pmt”), k=0, ng > 1.
h#m
Obviously, for £k =0, ng = 1,
po(t) =1 = Eya(—mt"). (1.9)
The Mittag—Leffler functions appearing in (1.8) are defined as
o0 oh
E, (z) :,;)m’ zeR, v,v>0. (1.10)

For v =y =1, Fy1(z) = €® and formulae (1.8) provide the explicit distri-
bution of the classical non-linear death process.

For u = kp the distribution of the fractional linear death process can be
obtained either directly by solving the Cauchy problem (1.6) with py = k- p,
or by specialising (1.8) resulting in the following form

o= () b (") eV Bt .

r
r=0

A technical tool necessary for our manipulations is the Laplace transform
of Mittag—Leffler functions which we write here for the sake of completeness:

2V

/ e TVE, L (£0917)dt = R(z) > |9v. (1.12)
0

v F 9’

Another special case is the so-called fractional sublinear death process
(for sublinear birth processes consult [8]) where the death rates have the form
k. = p(ng + 1 — k). In the sublinear process, the annihilation of particles or
individuals accelerates with decreasing population size.



The distribution p%(¢), 0 < k < ng of the fractional sublinear death
process MY (t), t > 0, is strictly related to that of the fractional linear birth
process N”(¢), t > 0:

Pr{om¥(t)=0] M (0) =no} =Pr{N"(t) >no | N¥(0) =1}. (1.13)

In general, the connection between the fractional sublinear death process and
the fractional linear death process is expressed by the relation

Pr {9 (t) = no — (k — 1) | M*(0) = ng} (1.14)
=Pr{N“(t) =k |N"(0) =1}, 1<k<no.

This shows a sort of symmetry in the evolution of fractional linear birth and
fractional sublinear death processes.

For all fractional processes considered in this paper, a subordination re-
lationship holds. In particular, for the fractional linear death process we can
write that

MY (t) = M(T, (1)), O<v<l, t>0, (1.15)
where Ty, (t) is a process for which
Pr{Ts,(t) € ds} = dsq(s,t), (1.16)
is a solution to the following Cauchy problem (see [5])
gara(s,t) = za(s.t), >0, 5>0,
bos. )],y 20, (117
q(s,0) = 4(s), 0<v<l,

with the additional initial condition
@(s,00=0, 1/2<v<1. (1.18)

In equation (1.15), M(t), t > 0, represents the classical linear death process.

We also show that all the fractional death processes considered below
can be viewed as classical death processes with rate p - =, where = is a
Wright-distributed random variable.

2 The fractional linear death process and its properties
In this section we derive the distribution of the fractional linear death process
as well as some interesting related properties and interpretations.

Theorem 1 The distribution of the fractional linear death process MY (t),
t > 0 with ng nitial indiwviduals and death rates i = -k, is given by

p(E) = Pr{M” () = k| M*(0) = no} (2.1)
’I’Lo*k o
- (Z) 2 (" k)(l)TEM((kmut”),
r=0

where 0 < k <mng, t >0 and v € (0,1]. The function E, (x) is the Mittag—
Leffler function previously defined in (1.10).
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Fig. 1 Plot of p%/(t) (in black) and pj,,(¢) (in grey), both with no = 10.

Proof The state probability p;, (t), t > 0 is readily obtained by applying the
Laplace transform to equation (1.6), with ux = -k, and then transforming
back the results, thus yielding

Py (1) = Ey1(—nout”), t>0,ve(01] (2.2)

When k = ng — 1, in order to solve the related differential equation, we
can write

v—1
y z
2" LAppo-1}(2) = M0 o 1(no — 1)LA{pn,-1} (2) (2.3)
1 1
_ v—1 .
s L{pno—l}(z) = pnoz ZY 4+ nop z”—‘,—(no— 1)M
1 1
= L no— = vt o ’
{Pno—1} (2) = noz (Zu T(no+ Hp 2 +nou)

By inverting equation (2.3), we readily obtain that

Pro—1(t) = no (Ey1(—(no — )put”) — E,1(—nout”)). (2.4)

For general values of k, with 0 < k < ng, we must solve the following
Cauchy problem:

e =ute (")) (25)

no—k—1
X z_:o <n0 _Tk : 1) (1) "Ey1(=(k+147)ut”) — pkpy(t),

r
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Fig. 2 Plot of p%7 ;(t) (in black) and p},,_1(t) (in grey). Here ng = 10.

subject to the initial condition py(0) = 0 and with v € (0,1]. The solution can
be found by resorting to the Laplace transform, as we see in the following.

L) =t + (")) (2.6)

no—k—1 .
ng—k—1 , P - )
: 2 < r )(1) 2+ (k+1+7)u pkLA{pr} (2).

The Laplace transform L{py} (z) can thus be written as

Lin) ) 2.)
() S (e i
()% (e (- s
()5 (e (- )
()5 (e

(D) s (] ey



’I’L()fk‘ v—1 v_1
_ o Tlo—k o jzi no z
_<k>;< J >( D Z”+(k+j)u+<k)z”+ku
no—k v—1
= ("™ mo =Ry i
_<k>§< j )( Vo n

By taking now the inverse Laplace transform of (2.7), we obtain the claimed
result (1.11).

Remark 1 When v = 1, equation (1.11) easily reduces to the distribution of
the classical linear death process, i.e.

pe(t) = (Z‘:) ekt (1—e )™ 50,0 < k < ny. (2.8)

In the following theorem we give a proof of an interesting subordination
relation.
Theorem 2 The fractional linear death process MY (t), t > 0 can be repre-
sented as

MY(H) "2 M(To, (),  t>0,ve(0,1], (2.9)

where M(t), t > 0 is the classical linear death process (see e.g. [1], page
90) and Ts,(t), t > 0, is a random time process whose one-dimensional
distribution coincides with the solution to the following fractional diffusion
equation

g—::q(s,t = g—;q(s,t), seRT, t>0,ve(0,1],
=0, (2.10)
(

with the additional condition ut(s,0) =0 if v € (1/2,1] (see [5]).

Proof By evaluating the Laplace transform of the generating function of the
fractional linear death process M (t), t > 0, we obtain that

/ e GV (u,t)dt (2.11)
0

- /Oo et iuk (720) noik <”Or k) (=1)" By (—(k + r)ut”)dt
k

r=0

() e

0o N no—k
— / - uk 1o OZ no —k (_1)rzy—1e—s(z"+(k+r)/t)d8
0 k — r
k=0 r=0
> —sz¥ v—1 & k(T e no—k r —s(k+r)
= e z u Z (=1)"e #bds
0 k=0 k r=0 "



00 70 no—k
_ —sz¥ v—1 k(o —usk no —k r_—sr
_/O e z {Zu (k)e” Z( . )( 1) “}ds
k=0 r=0
o] no
:/0 e—sz”zu—l {Zuk (7;:>6_H3k(1 _ e—us)no—k} ds
k=0
:/ e 271G (u, 8)ds
0
[ele} oo Mo
z/ e_z"‘/ ZukPT{M(s) =k} fr,, (s, t)dsdt
0 0 k=0
:/ e 7t {ZukPr{M(TQ,,(t)) = k}}dt,
0 k=0

and this is sufficient to prove that (2.9) holds. Note that we used two facts.
The first one is that

/ e fr,, (s, t)dt = 2" "Le ™%, 5s>0, z>0, (2.12)
0

is the Laplace transform of the solution to (2.10). The second fact is that the
Laplace transform of the Mittag—Leffler function is

Zufl

THE, 1 (—9tY)dt = . 2.13
| e B = S (213)

In figures 1 and 2, we compare the behaviour of the fractional probabilities
p%7(t) and p%7 | (t) with their classical counterparts p}, (¢) and p} (%),
t > 0. What emerges from the inspection of both figures is that, for large
values of ¢, the probabilities, in the fractional case, decrease more slowly than
pr,(t) and pL (). The probability p%” ,(t), increases initially faster than
prh,—1(t), but after a certain time lapse, p}, _;(t) dominates p)7 , (t).

Remark 2 For v =1/2, in view of the integral representation

2 o0 X
Ei(z) = ﬁ/o eI gy, x € R, (2.14)

2

we extract from (1.11) that

1 2 [ _2(n E g — k r 2w (k) it
== [T (1) X (7 )yt )
r=0

— [ S phtian = e 1B = 1)

where B(t), t > 0 is a Brownian motion with volatility equal to 2.



Remark 3 We can interpret formula (1.11) in an alternative way, as follows.
For each integer k € [0,ng] we have that

pi(t) =Pr{M"(t) =k | M¥(0) = no} (216)
N /0 Pr(8)Pr{T2 (1) € ds}
no—k _ o
_ (2) > <n k)(l)’“ | et T ) € ds)

r=0

no—k oo
n no —k r — r)si—v —v
() X (") [T e st

r=0

no—k —k es} v
_ (r;;) 3 (nor >(1y | e e

r=0

— [ Wosas (9P (Me(e") = k| Me(0) = o}
0
where W_,, 1_,(—£) is the Wright function defined as

R (=&
W_y1,(—6) _;M(PV(TH)), 0<v<l. (2.17)

We therefore obtain an interpretation in terms of a classical linear death
process M=(t), t > 0 evaluated on a new time scale and with random rate
i+ =, where T is a random variable, £ € RT, with Wright density

f=(&) =W_,1-,(-9), £eRT. (2.18)

From equation (1.6) with ur = k -y, the related fractional differential
equation governing the probability generating function, can be easily ob-
tained, leading to

{5’; G¥(u,t) = —pu(u — 1) 5 G¥ (u,t), v € (0,1], (2.19)

G” (u,0) = umo.

From this, and by considering that EM” (t) = -2 G¥ (u, t)|

5a we obtain that

u=1’

{;;EM:/@) = —puEM"(t), v e (0,1], (2.20)

EMY(t) = no.
Equation (2.20) is easily solved by means of the Laplace transforms, yielding

EM"(t) = noEy(—ut”),  t>0,ve(0,1]. (2.21)
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Remark 4 The mean value EMY(¢) can also be directly calculated.

EM" (t kak (2.22)
_ Z (7 ) Z (Tj?_‘,f) (1) By (—rpt?)
_ ZEU (=) (—1)" kil k<”°> ("0 _:)(—1)’“
= ;E,,J(_WV)(_H%O (T_‘f) ; (; B D (-1*

= TloEml(*,LLtV).
This last step in (2.22) holds because

2(2—1) 21(7;1) e {0—1 :ié 0%

k=1 =0

3 Related models

In this section we present two models which are related to the fractional
linear death process. The first one is its natural generalisation to the non-
linear case i.e. we consider death rates in the form pp > 0, 0 < k < ng. The
second one is a sublinear process (see [8]), namely with death rates in the
form py = p(no + 1 — k); the death rates are thus an increasing sequence as
the number of individuals in the population decreases towards zero.

3.1 Generalisation to the non-linear case

Let us denote by M¥(t), t > 0 the random number of components of a non-
linear fractional death process with death rates pp > 0, 0 < k < ny.

The state probabilities pj(t) = Pr{M"(t) =k | M (0) =no}, t > 0,
0 <k < mng, v €(0,1] are governed by the following difference-differential
equations

dtqu(t) prr1pr1 () — pepr(t), 0 <k < no,
)=

dtl’po( papi(t), k=0,
dtl Pno (t) ~HngPng (t)a k= no, (31)
0, 0L k< no,
0 =
pk( ) {17 k = Ny.

The fractional derivatives appearing in (3.1) provide the system with a
global memory; i.e. the evolution of the state probabilities py(t), ¢t > 0, is in-
fluenced by the past, as definition (1.5) shows. This is a major difference with
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the classical non-linear (and, of course, linear and sublinear) death processes,
and reverberates in the slowly decaying structure of probabilities extracted
from (3.1).

In the non-linear process, the dependence of death rates from the size
of the population is arbitrary, and this explains the complicated structure
of the probabilities obtained. Further generalisation can be considered by
assuming that the death rates depend on ¢ (non-homogeneous, non-linear
death process).

We outline here the evaluation of the probabilities pj/(t), ¢ > 0, 0 < k <
ng, which can be obtained, as in the linear case, by means of a recursive
procedure (similar to that implemented in [7] for the fractional linear birth
process).

Let k = ng. By means of the Laplace transform applied to equation (3.1)
we immediately obtain that

Pro (1) = Eu 1 (= pngt”). (3.2)
When k& =ng — 1 we get
ZV—I
VL {Pnoq} (2) = —pno—1L {Pnoq} (2) + Mnom (3.3)
2V 1 1
S LI Y (2) = up .
-1} ()= I O
1 1 1
e L{pl 13 (2) = pny 2"t [ - }
{P 0 1}( )= Hro 2V A+ png  2Y A fng—1] Hng—1 — Hng
v 1u’n0 { v v
< Png— t) = ——— Ev,l —Hn t _Eu,l —HUn 1t }
Phoa(1) = o B (gt t®) = B (—ping 1)

For k = ng — 2 we obtain in the same way that

2 L{ph, 2} (2) (3.4)

) L Hg—1 -1 -1
= 2L Aty -2} () F Fno—1 = Kimo L t+hny 27+ unol]
so that
LApn,—2} (2) (3.5)
_ _Hnolno—1 L1 { 1 B 1 ] 1
Hng—1 = Hng 2+ lng 2 F png—1] Y A fng—2
_ _Hnolno—1 vl |:< 1 - 1 ) 1
Hng—1 — Hng Z2Y =+ fing Z2Y 4 ping—2 ) Hng—2 = MPng

(i~ 77 o)
2 H fng—1 2+ Png—2) Hno—2 — Hno—1]
By inverting the Laplace transform we readily arrive at the following result

EV71(_/’(‘notV)

(3.6)
Hng—1 — ,Uno)(,uno—Q - luno)

p’lyl072(t) = lu’flol'l/no—l |:(
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_ By (= png—2t”) B Ey1(—ping-1t")
(Hno—1 = Hno) (Bno—2 = Hing)  (Hnog—1 = Hing) (Hno—2 = Hnp—1)
Ey 1 (—ping—2t") }
(MHO*l - Mno)(:uno*Q - :U‘no*l)

= lng tng—1 |: EV,l(_:unotu)
(Hno—1 = Hng) (Bng—2 — Hng)
By (—pny—2t”) ( 1 B 1 >
(Mno—l - Mno) Hng—2 — Mng—1 Hng—2 — Hng
_ By (= pinyg—1t") }

(MNO*l - Mno)(:unof2 - ,unofl)

+

Ey,l(_,unotu)
Hng—1 — /“Lno)(/j’n()*? - N’no)
EV,l(_Uno*ﬂV) E%l(_ﬂno*1ty) :|
+ - .
(Ino—2 = Hng—1)(Bno—2 = fing)  (Hng—1 = Hng ) (Hng—2 — Hng—1)

= HMngMng—1 |:(

The structure of the state probabilities for arbitrary values of & = ng — [,
0 <[ < ng, can now be easily obtained. The proof follows the lines of the
derivation of the state probabilities for the fractional non-linear pure birth
process adopted in Theorem 2.1 in [7]. We have that

=1 : Eu 1(_/1% 7mty)
jl}ouno-jZ e ;1< 1<,
qu—l(t) = m=0 hl:IO (,Uno—h - ,Uno—m) (3.7)
h;Zm
El’yl(_unoty)a [ =0.

By means of a simple change of indices, formula (3.7) can also be written as

no o Eu _mtl/
[T oS DealCsnl) g o,

. no
IR me=k ) (kn = pim)

A1) = ik (3.8)

EVyl(ilu‘notV% k= ng.

For the extinction probability, we have to solve the following initial value
problem:

n o v
TENOTTRINDD —i”’l(_“mt Vs,
=2 m=t (Bh — tm)
f}};rln (3.9)
A po(t) = g By 1 (—pat”), no =1,

PO(O) =0, ng > 1.
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When ng > 1, starting from (3.9) and by resorting to the Laplace transform
once again, we have that

1 271
clw} ()= 1w ) — S (3.10)
= m=1 [T (pn = i) "
h=1
h#m

The inverse Laplace transform of (3.10) leads to

'z e - 1 v 12
W) =111 Y, e t"Eupir(—pimt") (3.11)
= m=1 [T (e — i)
h=1
h#m
no

h=1
h#m
no no ’u no no U
- )~ 2 1L () Ftmn
- H v,1 ,U/mt )
m=1 h=1 (”h_“ m=1 h=1 “HhTH
h#m h#m
no no M
h
ST % | R P
m=1 h=1 Hh — Hm
h#m

Note that, in the last step, we used the following fact:

i ﬁ (“h> =1. (3.12)

AN
h#m
This can be ascertained by observing that

IT (=) =det A=>" Ay ;(~1)""Miny (3.13)

1<h<l<ng Jj=1
where
1 1 ... 1
M1 H2 cee Hng
2 2 2
A=| M Fa v Mg | (3.14)

S
pro Tt T et
is a Vandermonde matrix and Min, ; is the determinant of the matrix result-
ing from A by removing the first row and the j-th column.
When ng = 1 we obtain

z

£{p0}(z):MIZV+M1’

(3.15)
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so that the inverse Laplace transform can be written as

po(t) = mt" By yy1 (—pat”) (3.16)
=1—=E1(=mt”).

We can therefore summarise the results obtained as follows:

no o= By 1 (—pmt”
'1;[4_1,&]'2”0%1('““1)7 0< k<ng, ng>1,
y j= — _
pt) = b 11 (in = pim) (3.17)
h#m
El/,l(_:unotu)a k = No, Mo 2 17

and

n n,
1-— ZO f[ (’u}l) E,,,l(—,umt”), ng > 17

Y (t) = m=1 p1 \Hh = Hm 3.18
(1) = (3.18)
1—E, 1(—mt”), ng = 1.

3.2 A fractional sublinear death process

We consider in this section the process where the infinitesimal death proba-
bilities have the form

Pr{M(t,t+dt] = —1 | M(t) = k} = plno + 1 — k)dt + o(dt),  (3.19)

where ng is the initial number of individuals in the population. The state
probabilities

pr(t) =Pr{MM(t) =k | MO) =ne}, 0 <k < mny, (3.20)
satisfy the equations

Epk(t) = —p(no + 1 = k)pr(t) + p(no — k)prya(t), 1<k <no,
Lpo(t) = pnopa (1), k=0,

]. k:no
O: b) b)
P (0) 0, 0<Fk<ng.

(3.21)

In this model the death rate increases with decreasing population size.
The probabilities p¥ () = Pr{IM"(t) = k | M"(0) = no} of the fractional
version of this process are governed by the equations

Lopi(t) = —p(no + 1 — k)pi(t) + p(no — k)prra(t), 1<k < no,
A2 po(t) = pnopa(t), k=0,

1, k:n07
0) =
PO =00 <k < no.

(3.22)
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Fig. 3 Plot of p% () (in black) and p3/(¢) (in grey), with ng = 2.

We first observe that the solution to the Cauchy problem
;%Vpno (t) = —UPng (t);
Pno (0) =1,

is pl, (t) = Ey1(—pt”), t > 0.
In order to solve the equation

A 1 (8) = —2ng—1(£) + Py (—pt),
p"o—l(o) = 07

we resort to the Laplace transform and obtain that

1 1
L v _ v—1 .
{pnofl} (Z) nz 2V + L 2+ 2,LL

1 1 1
= z¥ — .
X 4+p 2+ 2u

By inverting (3.25) we extract the following result

pl 1 (t) = Ey1(—put") — Ey1(—2ut”).

By the same technique we solve

{;t';pmz(w = —3png—2(t) + 20 [Byy (—pt”) — By (—2ut")]

pno—Q(O) =

(3.23)

(3.24)

(3.25)

(3.26)

(3.27)
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Fig. 4 Plot of p%/ 1 (t) (in black) and pJ 1 (¢) (in grey), with no = 2.

thus obtaining

(3.28)

ﬁ{pzo_2}<z>:zuzv—l[ ! 1 ] 1

z”—i—,u_z”—i—2,u z¥ 4+ 3p

9,5V~ 1 1 1 1 1 1
= z — [ — _
a 2 +p 2v43u) 2p 2 +2u 2 +3p) p

Zu—l Zy—l Zu—l

-2 + .
Y 4+ i ¥+ 2p  2Y 4+ 3p

In light of (3.28), we infer that

P o(t) = By (—pt*) — 2B, (~2ut”) + B, 1 (~3ut"). (3.29)

For all 1 < ng —m < ng, by similar calculations, we arrive at the general
result

m

Pro—m = Z <T) (fl)lEu,l (= (T4 1) ut), 1<ny—m<mng. (3.30)
1=0

Introducing the notation ng—m = k, we rewrite the state probabilities (3.30)
in the following manner

no—k

—k

=D (nol )(—1)1Eu,1 (—(+Dpt”), 1<k<ng.  (3.31)
=0
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For the extinction probability we must solve the following Cauchy prob-
lem

{ Eopo(t) = pno X120 (") (1) By (= (L4 1) pt”) (3.32)
po(t) = 0-
The Laplace transform of (3.32) yields

P L g — 1 . 21

L{pg} (2) = pno Z ( ) -1) a1 (3.33)

The inverse Laplace transform can be written down as

nofl

t)=pno Y (—1)"
1=0

The integral appearing in (3.34) can be suitably evaluated as follows

w1 (—(U+Dps”) (t —s)"tds.  (3.34)

E (=0 +1D)pus”) (t —s)" ! (3.35)

— =+ [ -

mZ:o I'lvm+1) /0 (=) 8

i —(14 D)™ "D LD (vm + 1)
I'lvm+1) I'lvm+v+1)

S~

m=0

oo ( l—|—1 ‘utu)m+1
+1 Z

— I'(v(m+1)+1)

L <”) By (—( 4+ D) — 1].

IETES)

By inserting result (3.35) into (3.34), we obtain

[Eva(=( 4+ Dput”) —1] (3.36)

—~ \l+1
=3B 35 ()
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Remark 5 We check that the probabilities (3.31) and (3.36) sum up to unity.
We start by analysing the following sum:

n0 no no—k
CIUED 95 D (g ISV D NE FR O NCED
k=1 k=1 =0

In order to evaluate (3.37), we resort to the Laplace transform

Lv—1 Mo mo—k ng — 1
Zc{pk} Z > ( ) )‘m. (3.38)

k=1 =0

By using formula (6) of [3] (see also [2], formula (5.41), page 188), we obtain
that

3 Z _ 2 - I'(ng —k+1)
kzzlﬁ{pk}(Z)_ moaa () () (e 1ano - k) (3.59)
w1 20 T (54 1) T (ng — k+1)

e F(%+1+no—k)

Zl/—l 7o 1 v
= / zw (1 —z)™ Fd
0

z Iz
_ v—1 e’} v
(che= 1z / eI (1—e V)™ dy
& B Jo

—w) 1 > v n

N e (1—e )" dw
z 0

1 = >
_ zy—l (Tlo) (_1)k/ e ? w—,uwkdw

z k 0

k=0

1 - 1
e (e

z — k zvV + uk

The inverse Laplace transform of (3.39) is therefore

>opitt) = 1= () (-1 B (ke (3.0

k=1 k=0
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no n .
=" Z (ko) (_1)kEV,1(_IUkt )
k=1
By putting (3.36) and (3.40) together, we conclude that

ip;(t) =1, (3.41)
k=0

as it should be.

Remark 6 We observe that, in the linear and sublinear death processes, the
extinction probabilities coincide. This implies that although the state prob-
abilities p¥ (¢) and py(t) differ for all 1 < k < ng, we have that

no no
D opke) =D pi(). (3.42)
k=1 k=1
This can be checked by performing the following sum

no

> L{pi(t)} (2) (3.43)

k=1

() E=y (G [E——

—=\k) = T 2v + p(k+ 1)

no)F(no—k—kl)F(ZH—kk)
r (7 +n9+1)

z 1 zY no

= (1—z)a! ( )m"ok(l — x)*dx
I /0 ; k

1 v
= / (1—z)% (1 —am)de
Ko Jo

1 leil 1 zY
==— / 2™ (1 —z) % da. (3.44)
Z B Jo

This coincides with the fourth-to-last step of (3.39) and therefore we can
conclude that

Soai == () U Bttty =Yg (349
k=1 k=1

k=1
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3.2.1 Mean value

Theorem 3 Consider the fractional sublinear death process MY (t), t > 0
no

defined above. The probability generating function & (u,t) = > 2, u*p¥(t),
t >0, |u| <1, satisfies the following partial differential equation:

v

O ¥ 1) = (o + 1) (i - 1) 16 (u,t) — p8 ()] + s — 1) (1),

ot ou
(3.46)
subject to the initial condition & (u,0) = u™, for |u| <1, t > 0.
Proof Starting from (3.22), we obtain that
A’ <=
s uFpy(t) (3.47)
k=0
no nofl
==Y uF(ng+ 1= k)pp(t) +p > uF(ng — k)py, (1),
k=1 k=0
so that
a’/ 1% 1% 14 8 v
06 (1) = — (oo + 1) [8 1) — pp(0)] 4 pu o6 (ut)  (348)
100D 1) — 1)) — - a1

= ung 1) (5 = 1) (8 0.0) = 90 + 1) " ()

Theorem 4 The mean number of individuals EINY (t), t > 0 in the fractional
sublinear death process, reads

no 1
EM (1) =Y <”k°++1 >(1)k+1Eu,1(uktV), t>0,ve(0,1]. (3.49)
k=1

Proof From (3.46) and by considering that EONY (t) = %(’5”(u,t)|u:1, we
directly arrive at the following initial value problem:

S B (1) = —p(no + 1) [L = p (8)] + LEM (1), (3.50)

]EE)J?” (0) = Ny, '
which can be solved by resorting to the Laplace transform, as follows:

LEW) ()=o) S (W)
B Oz”—u Himo — k Y+ uk ¥ —p
(3.51)
ng

Zufl n0+1 Zufl Zufl
—n + 1) - :
02— %(’Hl)( ) L”—u 2V + pk
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n (3.51), formula (3.36) must be considered. By inverting the Laplace trans-
form we obtain that

EIM" (¢) (3.52)

< (ng+ 1 » y
= noEya (ut") + ) ( ) ) ) [Bua(ut”) = By (—pkt”)]
k=1

= nQEV’l(/LtV) + Ey,l(ﬂty) Z <7’l0 + 1) (71)k
k=1

k+1

=S () e e
k=1

(e
k=1

as desired.

Remark 7 The mean value (3.49) can also be directly derived as follows.

EM” (¢ Z kp¥ (1) (3.53)

nok‘

=ZkZC“ D B )

k=1

S5k ST (M0 E) L1y (e
=> 2k >0 ()Y T Bt

k=1 =1

70 no+1—1 ng — ,Z{}
= DYE, (= ult” k )

IEIREAETIDY @4)

It is now sufficient to show that

no+1—1
ng — k no+ 1
Y k( )::( ). (3.54)
2 "\ I+1
Indeed,

"oi—lk(?_lk) -5 (no — k) (z ! 1) (3.55)

k=1
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Fig. 5 Plot of EM%"(t) (in black) and EIM®7(¢) (in grey), no = 2.

(n0+1)i<l;_11) lnil <k11>

k=l

AL +1
C\l+1 )

The crucial step of (3.55) is justified by the following formula

S ene () (0= () o

Figure 5 shows that in the sublinear case, the mean number of individuals
in the population, decays more slowly than in the linear case, as expected.

Note that (3.49) satisfies the initial condition E9¥(0) = ng. In order to
check this, it is sufficient to show that

i (r;o:ll> (—1)F+ = nozﬂ (no: 1) (—1y" (3.57)

k=1 r=2
no+1
ng+ 1 ng+ 1
} [Z < Y )(—1)* _1+( Y >:n°'

r=0
The details in (3.57) explain also the last step of (3.52).
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3.2.2 Comparison of MY (t) with the fractional linear death process MY (t)
and the fractional linear birth process NV (t)

The distributions of the fractional linear and sublinear processes examined
above display a behaviour which is illustrated in Table 1.

Table 1 State probabilities py(¢) for the fractional linear death process M"(t),
t > 0, and py(¢) for the fractional sublinear death process 9" (t).

State Probabilities

Pro(t) = Ev,1(—pnot”)

P () = Eva(—pt”)

Pro—1(t) = no [Eva(—=(no — 1)ut”) — Eva(—nopt”)]
Pro—1(t) = Eva(—pt") — Eva(—2pt”)

PY(E) = (10) 05 ("0 F) (< 1) By (— (k + Dpat?)
pr(t) = 3000 ("0 ) (1) Bu (= (L+ 1) ut”)

~

. (t)inozno l(nol 1)(_1)ZE ( (1+l),ut”)
pE(0) = 7% () (1) B (— (L4 1) t*)
po(t) = 2205, (’2")(—1)1Eu,1(—lut”)

po (1) = 321% (0) (=)' B (—lut”)

The most striking fact about the models dealt with above, is that the
linear probabilities decay faster than the corresponding sublinear ones, for
small values of k; whereas, for large values of k, the sublinear probabilities
take over and the extinction probabilities in both cases coincide. The reader
should also compare the state probabilities of the death models examined
here with those of the fractional linear pure birth process (with birth rate A
and one progenitor). These read

= <3—1> DITLE, 1 (—A\jtY), k> 1. (3.58)

Note that p¥(t) = E,,71(—/\t”) is of the same form as p}; (t) = E,1(—put”).
We now show that

oo

S oBrm =1-> B (3.59)
k=1

k=no+1
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Table 2 Mean values for the fractional linear birth N¥(t), fractional linear death
M (t) and fractional sublinear death 91" (t) processes.

ENY(t) = E,1(\t")
EMV (t) = noEV’l (—,U,ty)

B (1) = 242, (0) (Z 1M B (—pkt”)

- i(—l)j‘lEuJ(—/\ﬁ”) i (lj . i)

j=1 k=j
=1-) (-1)! <’;°) E,1(=\jt")
j=1

= (3.36) with X replacing p.

Note that in the above step we used formula (3.56).
By comparing formulae (3.4) of [7] and (3.31) above, we arrive at the
conclusion that (for A = p)

Pr{N"(t) = k | N*(0) = 1} (3.60)
a k-1 J—1 v
= ]; (j - 1) (=17 B, 1 (=)t")

=Pr{M"(t) =no+1—k|MO) =no}, 1 <k <ny.
For k = 0 the probability of extinction corresponds to the probability of the
event {N"(t) > ng} for the fractional linear birth process.

Acknowledgement: The authors wish to thank Francis Farrelly for having
checked and corrected the manuscript.
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